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Abstract

In this paper, we first define the Gaussian modified Pell sequence, for » > 2, by the relation Gq,,
= 2Gqu_, *+ Gq,_, with initial conditions Gg, = 1 —i and Gq; = 1 + i. Then we give the
definition of the Gaussian modified Pell polynomial sequence, for n > 2, by the relation Gq,, (x)
= 2xGq,_,(x) + Gq,_,(x) with initial conditions Gq,(x) = 1—xi and Gq,(x) = x + i. We
give Binet’s formulas, generating functions and summation formulas of these sequences. We
also obtain some well-known identities such as Catalan’s identities, Cassini’s identities and
d’Ocagne’s identities involving the Gaussian modified Pell sequence and Gaussian modified

Pell polynomial sequence.
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1. INTRODUCTION

The complex Fibonacci numbers have been introduced by Horadam [1] in 1963. Then
Berzsenyi [2] and Jordan [3] studied on Gaussian Fibonacci and Lucas numbers. The Gaussian
Fibonacci numbers {GF, },, are defined recursively by the relation GE, = GF,,_, + GF,_,
with initial conditions GF, = i and GF, = 1. Similarly, the Gaussian Lucas numbers {GL,}n,
are defined as GL,, = GL,,_, + GL,,_, where GL, = 2 —i and GL, = 1 + 2i. Moreover, many
authors studied on these numbers and their properties. For a little part of these studies, one can
see, for example [4-6]. Halic1 and Oz [7] introduced the Gaussian Pell and Pell-Lucas numbers
respectively by

GP, =i, GP, =1; GP, =2GP,_,+ GP,_,,
GQy=2—2i, GQ; =2+ 2i; GQ, =2GQu_1+ GQp_,.
Moreover, Pell and Pell-Lucas polynomials are defined as
Po(x) =0, Py(x) =1; By(x) = 2xPp_1(x) + Pp_2(%),

Qo(x) =2, Q1(x) = 2x; Qn(x) = 2xQp_1(x) + Qp_2(x)

respectively. Furthermore, Horadam and Mahon [8] gave some properties of these polynomials.
Additionally, the modified Pell polynomials are defined recursively by the relation q,,(x) =
2xqp—1(x) + q,_(x) where g,(x) = 1 and g, (x) = x. The generating function of the modified
Pell polynomials is

1-xt
1-2xt—t2’

M(t,x) =

Also, the Binet’s formula of these polynomials is

_a(O)+A™ ()
0 (X) =X 0

where a =X +Vx2 + 1 and p = x — Vx2 + 1 are the roots of the equations 72 — 2xr — 1 = 0.
Then Halic1 and Oz [9] defined Gaussian Pell polynomial sequence as follow:
GPy(x) =i, GP,(x) =1; GB,(x) = 2xGP,_1(x) + GP,_,(x).

The main objective of this paper is to define and study Gaussian modified Pell sequence and
Gaussian modified Pell polynomial sequence.

2. GAUSSIAN MODIFIED PELL SEQUENCE

In this section, we first give the definition of the Gaussian modified Pell sequence, and then we
obtain Binet’s formula and generating function for this sequence. Moreover, we give some
results related with the Gaussian modified Pell sequence.

Definition 2.1 The Gaussian modified Pell numbers {Gq,, },-, are defined, for n >2, recursively
by
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Gqn =2Gqn-1 + Gqn—
with initial conditions Gqgo = 1—iand Gg; =1+1.
Also, it is clear that
Gqn = qn + iqn_s
where g,, is the n-th modified Pell numbers.

Now, we give the generating function for the Gaussian modified Pell sequence by the following
theorem.

Theorem 2.2 The generating function of the Gaussian modified Pell sequence is

(1—-x)+i(—1+3x)
1-2x—x2 )

G(x) =

Proof. Let us write

CxX) =7 0Gqnx™ =Gqo + Gq X + Gqux? + ... + Gqpx™ + ...,

2XG(x) = 2Gqox + 2Gqx?% + 2Gq,x3 + ... + 2Gqp_1x™ + ...,
and
x2G(x) =Gqox? +Gqx3 + Ggox* + ...+ Gq_x™ + ...
Thus, we have
G(x)(1 = 2x — x*) =Gqo + (Gqy — 2Gqp)X.

Hence, we obtain

_ (1-x)+i(-1+3x)

G(x) - 1-2x— x2

The Binet’s formula for the Gaussian modified Pell sequence is given by the following theorem.

Theorem 2.3 The n-th term of the Gaussian modified Pell sequence is by

oo, = (38

where a. and J3 are the roots of the equation v* —2r—1 = 0.
Proof. We know that the general solution for the recurrence relation is given by

Gq, =ca™ +dp™
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for some coefficients ¢ and d.
The initial conditions imply that Gq, = ¢ + d and Ggq; = ca + df.

Solving the system, we obtain

1- Bi 1- «ai
c=Fand d=2%
2 2

Thus, we get

Ggy, = a+ gt i(Ban+ aBn).

o+ o+ B

We now investigate some identities and properties of the Gaussian modified Pell sequence.

Theorem 2.4 Let n and r be two positive integers. Then Catalan’s identity for the Gaussian
modified Pell sequence is

_1\T—1(gT4+R7T)2
GlnsrGnr — Ggn® = 2(-1)™1(1 — 1) [1 4 ELLET]

Proof. By using the Binet’s formula of the Gaussian modified Pell sequence, we get

i = G <[ = (S ()

N

— [M _ i(ﬁanwﬁ")‘

a+pf a+pf

[_4(_1)n+2(_1)n—‘r(a2r+ﬁ27')‘ + i[4(_1)n_(_1)n—r(a27"+1+BZT+1+Ba2T+a[;2T):|
(a+p)? (a+B)?

[_4(_1)n+2(_1)n—r(a2r+ﬁ27‘)‘ +i[4(_1)n_2(_1)n—r(a21”+321”):|
(a+p)? (a+B)? '

Since a + f = 2, we obtain
T V2
GQn+rGQn—r - GQnZ = (_1)n+1(1 - i)+(1 - i)(_l)n_r [% N (_1)r]

=2(1 — )(=1)"*! [1 (=1 (a’”+[gr)2]

4

_a\r—1.,T 2
=2(-1)m (1 - i) 14 S

By setting r = 1 in Theorem 2.4 , we obtain the following corollary which gives Cassini’s
identity of the Gaussian modified Pell sequence.

Corollary 2.5 For positive integer n, we have

GCITL+IGqTL—1 - GQnZ = 4(_1)n+1(1 - i)-
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The following theorem gives d’Ocagne’s identity involving the Gaussian modified Pell
sequence.

Theorem 2.6 For positive integers m and n, we have
GQmGQn+1 - anGQm+1 = 4(_1)n+1(1 - i)Pm—n
where P, is the n-th Pell number.

Proof. By using the Binet’s formula, we have

a™+ pm i (ﬁam+aﬁm)] [a"+1+ pntt , (Ban+1+a,8n+1)]

a+p a+p a+p -t a+p

GQmGQn+1 - GQnGQm+1 = [

_ [a +p" (ﬁa"+aﬁ")] [am+1+ pmtt i ([)’am+1+aﬁm+1)]

a+p a+p a+p a+pf

- [Z(a—ﬁ)(a”ﬁm—amﬁ")] + i[(az—ﬁz)(amﬁ”—anﬁm)]
(a+p)? (a+p)?

— @"pm—amp[2(a-p)-i(a-p?)]
(a+p)?

Sincea + f=2and @ — B = 2+/2, we obtain
GqmGqni1 — GqnGQmyr = ‘/7(1 - i)(anﬁm - amﬁn)
— \/2(1 _ i)(—l)"“(am‘" _ 'Bm—n)

=411 - )Py -

Theorem 2.7 The sum of the Gaussian modified Pell numbers is
¥p1 G =5 (Ganes + Gqn) — 1.

Proof. From the recursive relation related with the Gaussian modified Pell sequence, we can
write

1 1
> GQn - E GQn—Z-

Gqn-1 = >

Then we have

1 1
Gq, = EGQZ _EGCIO

1 1
Gq, :EG% _EG%
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1
> an—l .

2

1
GQn = 3 GQn+1 -
Hence, we obtain
Sy Gy =5 (Ganer + Gan) — 5 (Ggo + Gqy)

= %(GQn+1 + GQn) —1
which completes the proof.
The following corollary immediately follows from Theorem 2.7.

Corollary 2.8 For n > 1, we have

. 1 .
i) 22=1 Gqq, = > (Gqonsr —1—1),

i) Yr=1Gqop-1 = % (Gqzn —1+10).
3. GAUSSIAN MODIFIED PELL POLYNOMIAL SEQUENCE

In this section, we first define the Gaussian modified Pell polynomials and then we give Binet’s
formula and generating function of this type polynomials. We also obtain some identities and
properties of these polynomials.

Definition 3.1 The Gaussian modified Pell polynomials {Gq,, (x)},, are defined, for n > 2, by
the recurrence relation

Gqn(x) = 2xGqn—1 (x) + Gqn—» (%)
with initial conditions Gq,(x) = 1—xi and Gg,(x) =x+ .

It is obvious that if we take x = 1, we obtain the Gaussian modified Pell sequence. Also, it is
easy to see that

Gqn(x) = qn(x) +igu_1(x)
where g,,(x) is the n-th modified Pell polynomial.

Now, we aim to give generating function and Binet’s formula for the Gaussian modified Pell
polynomials. For this purpose, we shall prove the following theorems:

Theorem 3.2 The generating function of the Gaussian modified Pell polynomials is

(1-xt)+i(—x+t+2x2t)
1-2xt—t2

P(t,x) =

Aksaray J. Sci. Eng. 2:1 (2018) 63-72 68



T. Yagmur&N. Karaaslan (2018). Aksaray University Journal of Science and Engineering, 2(1), 63-72.

Proof. The generating function can be written as P(t, x) = Yo-q Gq, (x)t™. Then we have,
P(t,x) =Gqo(x) + Gg; (X))t + Gg,(X)t? + ...+ Gg, ()t + ...,

2xt P(t, x)=2X Gqo(x)t + 2xGq,(x)t? + 2xGq, ()t + ...+ 2xGq,_ (X))t + ...,

and
t2 P(t,x) =Gqo(x)t? + Gq,()t3 + Gq()t* + ...+ GG (O)t" + ...
So, we get
P(t,x)(1 —2xt — t?) = Gqo(x) + [Gq,(x) — 2xGqy(x)]t.

Thus, we obtain

_ (A—xt)+i(—x+t+2x2%t)
P(t,x) = 1-2xt—t2

Theorem 3.3 The n-th term of the Gaussian modified Pell polynomials is

a0+ (x) i ﬁ(x)a"(x)+a(x)ﬁn(X)]
a(x)+B(x) a(x)+B(x)

Gan(x) = X[

where o and f3 are the roots of the equations v* — 2xr— 1 = 0.

Proof. It is well-known that the general solution for the recurrence relation is given by
Gqn(x) = ca™(x) + dB™(x)

for some coefficients ¢ and d.

By considering the initial conditions, we get Gqo(x) = ¢ + d and Gq,(x) = ca + dp.

Solving the system above, we obtain

1 . 1 .
c=2_ifandd=2_;%
2 2 2 2

Thus, we have

a()+p"(x) i B(x)a"(x)+a(x)ﬂ"(x)]

Gan(x) = X[ 2 (OB (0 2 (O+B(0)

We now investigate some identities and properties of the Gaussian modified Pell polynomials.

Theorem 3.4 Let n and r be two positive integers. Then Catalan’s identity for the Gaussian
modified Pell polynomials is
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r— r r 2
6 nsr ()Gt () = G2 () = 2(=1"(1 = xi) 1 + CLLEEHEOL]

Proof. By using the Binet’s formula of the Gaussian modified Pell polynomial sequence, we
get

n+r n+r n+r n+r
)+ B (x) ix (ﬁ(x)a ) +a(x)B (x))]

 Ca2(x) =[x &
Gnr ()G -y (x) = 6" (x) [x 2 (O+B(0) a(O)+B ()

a’ T+ BT L (B)aM () +a(x)B" T (x)
X [X a(x)+B(x) lx( a(x)+p(x) )]

L@@+ B . (BMER@+a()B 0]
[x s ( 2 ()5 () )]

—4(—1)”(1—xi)+2(—l)n_r(azr(x)+,6’2r(x))(1—xi)
= x?2 > .
(a()+B(x))

Since a + B = 2X, we obtain

(1-xD) (~)™ T[22 (" () +B7 (1)) - ax? (- 1)]

(a()+B(x))*

Gnir(X)Gqp_r(x) — Gan(x): (D™ (1 —xi) +

= —2(1 — xi)(=D" [1 _ (-U‘rxz(ar(x)wr(x))z]

4x2

_1N\T—1(,T r 2
=2(—1)"1(1 — xi) [1 +( )" Ha ix)+ﬁ ) ]

By taking r = 1 in Theorem 3.4, Cassini’s identity involving the Gaussian modified Pell
polynomials, which is given in the following corollary, is obtained.

Corollary 3.5 For positive integer n, we have
Gn1(0)Gn_1(X) = Gqp*(x) = 2(x* + (=™ (1 — xi).

d’Ocagne’s identity involving the Gaussian modified Pell polynomials is given in the following
theorem.

Theorem 3.6 For positive integers m and n, we get
Gqm(X)Gqns1(x) — Gqn(x)Gqppiq (x) = 2(x* + (D" (1 - Xi) Py (%),
where P, (x) is the n-th Pell polynomial.

Proof. By using the Binet’s formula, we have

Gqm ()G 1 (x) — G4 (X)Gqpiq (x)
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= 52 [am(X)+ B™M(x) _ i (B(X)am(X)+a(X)ﬁm(X))] [a"+1(X)+ B i (ﬁ(X)a"“(X)+a(X)l)’"+1(X))]

a(x)+B(x) a(x)+p(x) a(x)+B(x) a(x)+pB(x)
—x2 [a"(x)+ Br(x) . (ﬁ(x)a”(x)+a(x)ﬁ”(x))] [am+1(X)+ BT ) i (ﬁ(X)am“(X)+a(X)l?m+1(X))]
a(x)+B(x) a(x)+pB(x) a(x)+B(x) a(x)+B(x)

, [ () M) -a™ () )] [2(a () - B () -i(a? () -2 (0) )
(a()+B(x)°

=VxZ +1[a™ ()™ (%) — a™ (x)B™ ()] (1 — xi)

= 2(x% + 1)(=1)"1(1 — xi) Py, (x).

Theorem 3.7 The sum of the Gaussian modified Pell polynomials is
2321 6q() == [6nsn () + Gan(x) —x =1+ iCx = D.

Proof. From the recursive relation related with the Gaussian modified Pell sequence, we can
write

Gn-1(*) = 3-Gqn () = 5-Gn2(x).
Then we have
G, (x) = - G2 (x) — 5-Gqo (%)

Gq,(x) = i Gqz(x) — % Gqq(x)

1 1
Gqz(x) = o Gq,(x) — P Gq,(x)

G () = 5= Gn1 (X) = 5- Gy (2.
Hence, we obtain
Ty Gaie = 5= (Gnar (0 + Ggn(0)) = - (Gqo(x) + Gy (x))
= —[Gans1(0) + Gap () —x = 1+ i(x - 1]
which completes the proof.

From Theorem 3.7, we can give the following corollary.

Corollary 3.8 For n > 1, we have

) XPGque() = 5= (G (1) —x — D),
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i) Ry Gqaem1(6) = - (Gqan () — 1+ x0).

CONCLUSION
In this study, we introduce the concept of the Gaussian modified Pell sequence and Gaussian

modified Pell polynomial sequence. We also give some results, such as Binet’s formulas,
generating functions, summation formulas for these sequences. Moreover, we obtain some
well-known identities, such as Catalan’s, Cassini’s, d’Ocagne’s identities involving these

sequences.
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