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Abstract. In this paper, invariant submanifolds of a para-Sasakian manifold have been studied. Some special
submanifolds such as pseudoparallel, 2-pseudoparallel, Ricci generalized pseudoparallel, and 2-Ricci generalized
pseudoparallel submanifolds of a para-Sasakian manifold have been considered. The necessary and sufficient con-
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1. Introduction

Invariant submanifolds of a paracontact metric manifold are a very important concept for geometry. This concept
allows us to grasp some important topics and problems in many areas of mathematics, such as applied mathematics.
To give an important example, invariant submanifolds are used to discuss the properties of non-linear autonomous
system [6].

One of the important concepts such as invariant submanifold is that a submanifold is a totally geodesic. If every
geodesic in a submanifold is geodesic in ambient space, this submanifold is called a totally geodesic submanifold.
Kon showed when invariant submanifolds of a Sasakian manifold would become totally geodesic submanifold in [10].
In [9], the answer to the question of when each submanifold of a Kenmotsu manifold will be totally geodesic is given.
Similarly, the totally geodesic of a trans-Sasakian invariant submanifold is discussed in [12]. Also [14] deal with the
totally geodesic invariant submanifolds of the (k, µ)−contact metric manifold.

As can be seen from many of the studies mentioned above, totally geodesic submanifolds, which are also the
simplest submanifolds, play a very important role in an important theory such as the theory of relativity, and many
geometers have submitted various important scientific works in this field [3, 7, 8, 11, 13, 16, 17].

On the other hand, Para-Sasakian and Lorentzian para-Sasakian manifolds are also studied on connections other
than the Levi-Civita connection. For example, O. Bahadır investigated para-Sasakian and Lorentzian para-Sasakian
manifolds on the quarter-symmetric non-metric connection in [4, 5].

Many geometers working on the theory of manifolds have studied para-Sasakian manifolds and investigated some
important properties of these manifolds. Invariant submanifolds are very important for a para-Sasakian manifold.
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In this study, submanifolds that have not been studied before for para-Sasakian manifolds are discussed by making
use of many studies mentioned above. Invariant submanifolds are used for submanifolds of Para-Sasakian mani-
folds. For invariant submanifolds of Para-Sasakian manifolds, the concepts of pseudoparallel, 2-pseudoparallel, Ricci
generalized pseudoparallel, and 2-Ricci generalized pseudoparallel submanifold are defined. Then, necessary and
sufficient conditions are obtained for an invariant submanifold of the para-Sasakian manifold to be pseudoparallel,
2-pseudoparallel, Ricci-generalized pseudoparallel, and 2-Ricci generalized pseudoparallel.

2. Preliminaries

A (2n + 1)-dimensional smooth manifold M̄2n+1 has an almost paracontact structure (ϕ, ξ, η) if it admits a tensor
field ϕ of type (1, 1), a vector field ξ and a 1-form η satisfying the following conditions;

ϕ2W = W − η (W) ξ, η(ξ) = 1, ϕξ = 0, η ◦ ϕ = 0.

If an almost paracontact manifold is endowed with a semi-Riemannian metric tensor g such that

g(ϕW, ϕZ) = g(W,Z) − η(W)η(Z),

for all vector fields W,Z on M̄2n+1, then M̄2n+1(ϕ, ξ, η, g) is said to be almost paracontact metric manifold. It is clear
that

g (ξ,W) = η (W) .

The fundamental 2-form Φ of an almost paracontact metric manifold M̄2n+1(ϕ, ξ, η, g) is defined by

Φ(W,Z) = g(W, ϕZ).

If dη = Φ, then almost paracontact metric manifold M̄2n+1(ϕ, ξ, η, g) is called paracontact metric manifold. If a para-
contact metric structure is normal, this structure is called para-Sasakian. So equivalently, if the structure (ϕ, ξ, η, g)
satisfies the equations

dη = 0 , ∇̄Wξ = ϕW, (2.1)(
∇̄Wϕ
)

Z = −g (W,Z) ξ − η (Z) W + 2η (W) η (Z) ξ,

the manifold M̄2n+1 is called para-Sasakian manifold or P-Sasakian manifold, where ∇̄ denote the Levi-Civita connec-
tion on M̄2n+1. If the relation (

∇̄Wη
)

Z = −g (W,Z) + η (W) η (Z)

is satisfied specifically, the para-Sasakian manifold is called the special para-Sasakian manifold or the Sp-Sasakian
manifold.

Lemma 2.1. A para-Sasakian manifold provides the following relations:

S (W, ξ) = − (n − 1) η(W), (2.2)

Qξ = − (n − 1) ξ,

R̄(W,Z)ξ = η (W) Z − η (Z) W,

R̄(ξ,W)Z = η (Z) W − g (W,Z) ξ,

R̄(ξ,W)ξ = W − η (W) ξ, (2.3)

η
(
R̄ (W,Z) T

)
= g (W,T ) η (Z) − g (Z,T ) η (W) ,

S (ϕW, ϕZ) = S (W,Z) + (n − 1) η (W) η (Z) ,

for any vector fields W,Z on M̄2n+1, where ∇̄ is the Levi-Civita connection, R̄ and S denote the Riemannian curvature
tensor and Ricci tensor of M̄2n+1, respectively.
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Now, let M be an immersed submanifold of a para-Sasakian manifold M̄2n+1. By Γ(T M) and Γ(T⊥M), we denote
the tangent and normal subspaces of M in M̄. Then the Gauss and Weingarten formulae are, respectively, given by

∇̄WZ = ∇WZ + h(W,Z)

and
∇̄WV = −AVW + ∇⊥WV,

for all W,Z ∈ Γ(T M) and V ∈ Γ(T⊥M), where ∇ and ∇⊥ are the induced connections on M and Γ(T⊥M), h and A are
called the second fundamental form and shape operator of M, respectively. They are related by

g(AVW,Z) = g(h(W,Z),V).

The covariant derivative of h is defined by

(∇̄Wh)(Z,T ) = ∇⊥Wh(Z,T ) − h(∇WZ,T ) − h(Z,∇WT ), (2.4)

for all W,Z,T ∈ Γ(T M). If
∇̄h = 0,

then the submanifold M is said to be its second fundamental form is parallel.

If S and g are linearly dependent, that is,
S (W,Z) = λg (W,Z)

with λ a constant, the para-Sasakian manifold is called the Einstein manifold.
By R, we denote the Riemannian curvature tensor of submanifold M, we have the following Gauss equation

R̄(W,Z)T = R(W,Z)T + Ah(W,T )Z − Ah(Z,T )W + (∇̄Wh)(Z,T ) − (∇̄Zh)(W,T ).

For a (0, k)-type tensor field T , k ≥ 1 and a (0, 2)-type tensor field A on a Riemannian manifold (M, g), Q(A, B)-tensor
field is defined by

Q(A, B)(W1,W2, ...,Wk; W,Z) = −B((WΛAZ)W1,W2, ...,Wk)...
−B(W1,W2, ...Wk−1, (WΛAZ)Wk),

for all W1,W2, ...,Wk,W,Z ∈ Γ(T M̄), where

(W ∧A Z)T = A(Z,T )W − A(W,T )Z.

Definition 2.2. A submanifold of a Riemannian manifold (M, g) is said to be pseudoparallel, 2-pseudoparallel, Ricci-
generalized pseudoparallel, and 2-Ricci-generalized pseudoparallel if

R̄ · h and Q(g, h),

R̄ · ∇̄h and Q(g, ∇̄h),

R̄ · h and Q(S , h),

R̄ · ∇̄h and Q(S , ∇̄h)

are linearly dependent, respectively [1, 2, 15].

Equivalently, these can be expressed by the following relations;

R̄ · h = λ1Q(g, h), (2.5)

R̄ · ∇̄h = λ2Q(g, ∇̄h), (2.6)

R̄ · h = λ3Q(S , h), (2.7)

R̄ · ∇̄h = λ4Q(S , ∇̄h), (2.8)

where λ1, λ2, λ3 and λ4 are, respectively, functions defined on M1 = {x ∈ M : h(x) , g(x)},
M2 = {x ∈ M : ∇̄h(x) , g(x)},M3 = {x ∈ M : S (x) , h(x)} and M4 = {x ∈ M : S (x) , ∇̄h(x)}.

Particularly, if λ1 = 0, then the submanifold is said to be semiparallel, if λ2 = 0, the submanifold is said to be
2-semiparallel.

Thus, we have the following lemma.
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Lemma 2.3. Let M be an invariant submanifold of a para-Sasakian manifold M̄2n+1. Then, the following equalities
hold on M̄2n+1;

h (ϕW,Z) = h (W, ϕZ) = ϕh (W,Z) and h (W, ξ) = 0 (2.9)
for all W,Z ∈ Γ (T M) .

3. Invariant Pseudoparallel Submanifolds of Para-SasakianManifold

Next, we will discuss the types of submanifolds given in the definition for the invariant submanifold M of a para-
Sasakian manifold M̄2n+1(ϕ, ξ, η, g).

Let M be an immersed submanifold of a para-Sasakian manifold M̄2n+1(ϕ, ξ, g, η). If

ϕ(TxM) ⊆ TxM,

for each point x ∈ M, then M is said to be an invariant submanifold. We clearly know that all properties of an invariant
submanifold inherit an ambient manifold as well.

In the rest of this paper, we will assume that M is an invariant submanifold of a para-Sasakian manifold
M̄2n+1(ϕ, ξ, η, g).

Proposition 3.1. Let M be an invariant submanifold of a para-Sasakian manifold M̄. The second fundamental form h
of M is parallel if and only if M is totally geodesic.

Proof. Let’s assume that the h second fundamental form of M is parallel. So by definition, we can write

(∇̄Wh)(Z,T ) = 0,

for all W,Z,T ∈ Γ(T M). That’s mean, from (2.4)

∇⊥Wh(Z,T ) − h(∇WZ,T ) − h(Z,∇WT ) = 0.

Here, taking T = ξ, by virtue of (1) and (9), we obtain

−h(∇Wξ,Z) = −h(−ϕW,Z) = ϕh(W,Z) = 0.

So by definition M is a totally geodesic. The converse is obvious. This proves our assertion. □

This proposition is important for later theorems.

Theorem 3.2. Let M be an invariant pseudoparallel submanifold of a para-Sasakian manifold M̄2n+1(ϕ, ξ, η, g). Then
M is either totally geodesic or λ1 = 1.

Proof. Let’s assume M is the invariant pseudoparallel submanifold of a para-Sasakian manifold M̄2n+1. From (2.5), we
have

(R̄(W,Z) · h)(U,V) = λ1Q(g, h)(U,V; W,Z),
for all W,Z,U,V ∈ Γ(T M). This leads to

R⊥(W,Z)h(U,V) − h(R(W,Z)U,V) − h(U,R(W,Z)V)

= −λ1{h((W ∧g Z)U,V) + h(U, (W ∧g Z)V)}

= −λ1{h(g(Z,U)W − g(W,U)Z,V)

+h(U, g(Z,V)W − g(W,V)Z)}

(3.1)

for all W,Z,U,V ∈ Γ(T M). Taking V = ξ in (3.1) and taking into account (2.9), we obtain

h(U,R(W,Z)ξ) = λ1{η(Z)h(U,W) − η(W)h(U,Z)}.

Again taking Z = ξ and considering proposition, we conclude that

λ1h(U,W) = h(U,R(W, ξ)ξ) = h(U, η(W)ξ −W) = −h(U,W).

From here,
(λ1 + 1) h(U,W) = 0

this proves our assertion. □
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From the Theorem 3.2, we have the following corollary.

Corollary 3.3. Let M be an invariant pseudoparallel submanifold of a para-Sasakian manifold M̄2n+1(ϕ, ξ, η, g). Then
M is semiparallel if and only if M is totally geodesic.

Theorem 3.4. Let M be an invariant 2-pseudoparallel submanifold of a para-Sasakian manifold M̄2n+1(ϕ, ξ, η, g).
Then M is either totally geodesic or λ2 = −1.

Proof. Let’s assume that, M is the invariant 2-pseudoparallel submanifold. So by definition, R̄ · ∇̄h and Q(g, ∇̄h) are
linearly dependent. Then, we have from (2.6)

(R̄(W,Z) · ∇̄h)(U,V,T ) = λ2Q(g, ∇̄h)(U,V,T ; W,Z),

for all W,Z,U,V,T ∈ Γ(T M). This means that

R⊥(W,Z)(∇̄Uh)(V,T ) − (∇̄R(W,Z)Uh)(V,T ) − (∇̄Uh)(R(W,Z)V,T ) − (∇̄Uh)(V,R(W,Z)T )

= −λ2{(∇̄(W∧gZ)Uh)(V,T ) + (∇̄Uh)((W ∧g Z)V,T ) + (∇̄Uh)(V, (W ∧g Z)T )}.
(3.2)

for all W,Z,U,V,T ∈ Γ(T M). In (3.2), taking W = T = ξ, we have

R⊥(ξ,Z)(∇̄Uh)(V, ξ) − (∇̄R(ξ,Z)Uh)(V, ξ) − (∇̄Uh)(R(ξ,Z)V, ξ) − (∇̄Uh)(V,R(ξ,Z)ξ)

= −λ2{
(
∇̄(ξ∧gZ)Uh

)
(V, ξ) + (∇̄Uh)

((
ξ ∧g Z

)
V, ξ
)
+ (∇̄Uh)

(
V,
(
ξ ∧g Z

)
ξ
)
}.

(3.3)

Now, let’s calculate each of these expressions. From (2.1), (2.4) and (2.9), we obtain

R⊥(ξ,Z)(∇̄Uh)(V, ξ) = R⊥(ξ,Z){∇⊥Uh(V, ξ) − h(∇UV, ξ) − h(V,∇Uξ)}

= R⊥(ξ,Z){−h(V,∇Uξ)}

= −R⊥(ξ,Z)h(V, ϕU)

= −R⊥(ξ,Z)ϕh(V,U).

(3.4)

Moreover, taking into account (2.1) and (2.9), we have

(∇̄R(ξ,Z)Uh)(V, ξ) = ∇⊥R(ξ,Z)Uh(V, ξ) − h(∇R(ξ,Z)UV, ξ) − h(∇R(ξ,Z)Uξ,V)

= −h(ϕR(ξ,Z)U,V)
= −ϕh(R(ξ,Z)U,V)
= −ϕh (η (U) Z − g (ξ,U) ξ,V)

= −ϕη (U) h (Z,V) ,

(3.5)

(∇̄Uh)(R(ξ,Z)V, ξ) = ∇⊥Uh(R(ξ,Z)V, ξ) − h(∇UR(ξ,Z)V, ξ) − h(R(ξ,Z)V,∇Uξ)
= −h(ϕU,R(ξ,Z)V)
= −ϕh(U,R(ξ,Z)V)
= −ϕh (U, η (V) Z − g (Z,V) ξ)

= −ϕη (V) Zh (U,Z) ,

(3.6)

(∇̄Uh)(V,R(ξ,Z)ξ) = (∇̄Uh)(V,Z − η(Z)ξ)

= (∇̄Uh)(V,Z) − (∇̄Uh)(V, η(Z)ξ)

= (∇̄Uh)(V,Z) − ∇⊥Uh(V, η(Z)ξ) + h(∇UV, η(Z)ξ) + h(V,∇Uη(Z)ξ)

= (∇̄Uh)(V,Z) + h (V,∇Uη(Z)ξ)

= (∇̄Uh)(V,Z) + η(Z)ϕh(V,U),

(3.7)

(∇̄(ξ∧gZ)Uh)(V, ξ) = ∇⊥(ξ∧gZ)Uh(V, ξ) − h(∇(ξ∧gZ)UV, ξ) − h(V,∇(ξ∧gZ)Uξ)

= −h(V,∇g(Z,U)ξ−η(U)Zξ)
= −h(V, ϕ(g(Z,U)ξ − η(U)Z))
= −h(V,−ϕη(U)Z) = η(U)ϕh(V,Z),

(3.8)
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(∇̄Uh)((ξ ∧g Z)V, ξ) = ∇⊥Uh((ξ ∧g Z)V, ξ) − h(∇U(ξ ∧g Z)V, ξ) − h((ξ ∧g Z)V,∇Uξ)
= −h(g(Z,V)ξ − η(V)Z, ϕU)
= η(V)ϕh(Z,U),

(3.9)

(∇̄Uh)(V, (ξ ∧g Z)ξ) = (∇̄Uh)(V, η(Z)ξ − Z)

= (∇̄Uh)(V, η(Z)ξ) − (∇̄Uh)(V,Z)

= ∇⊥Uh(V, η(Z)ξ) − h(∇UV, η(Z)ξ) − h(V,∇Uη(Z)ξ) − (∇̄Uh)(V,Z)

= −h(V,Uη(Z)ξ + η(Z)∇Uξ) − (∇̄Uh)(V,Z)

= −η(Z)h(V, ϕU) − (∇̄Uh)(V,Z)

= −η(Z)ϕh(V,U) − (∇̄Uh)(V,Z).

(3.10)

Consequently, if we put (3.4), (3.5), (3.6), (3.7), (3.8), (3.9) and (3.10) in (3.3), we reach at

−R⊥(ξ,Z)ϕh(V,U) + ϕη (U) h(Z,V) + η (V) ϕh (Z,U) −
(
∇̄Uh
)

(V,Z) − η (Z) ϕh (V,U)

= −λ2{η(U)ϕh(V,Z) + η(V)ϕh(Z,U) − η(Z)ϕh(V,U) − (∇̄Uh)(V,Z)}.
(3.11)

If ξ is taken of V in (3.11), considering (2.3) and (2.9), we get

ϕh(Z,U) − (∇̄Uh)(ξ,Z) = λ2{−ϕh(Z,U) − (∇̄Uh)(ξ,Z)}, (3.12)

where
(∇̄Uh)(ξ,Z) = ∇⊥Uh(Z, ξ) − h(∇UZ, ξ) − h(Z,∇Uξ)

= −h(Z, ϕU) = −ϕh(Z,U).
(3.13)

From (3.12) and (3.13), we conclude that

ϕh(Z,U) + ϕh(Z,U) = −λ2
[
2ϕh(Z,U)

]
= 0,

that is,
(λ2 + 1) h (Z,U) = 0

which proves our assertions. □

From Theorem 3.4, we have the following corollary.

Corollary 3.5. Let M be an invariant pseudoparallel submanifold of a para-Sasakian manifold M̄2n+1(ϕ, ξ, η, g). Then,
M is 2-semiparallel if and only if M is totally geodesic.

Theorem 3.6. Let M be an invariant Ricci-generalized pseudoparallel submanifold of a para-Sasakian manifold
M̄2n+1(ϕ, ξ, η, g). Then, M is either totally geodesic or λ3 =

1
n−1 .

Proof. Let’s assume M Ricci generalized pseudoparallel submanifold. Then, from (2.7), we have

(R̄(W,Z) · h)(U,V) = λ3Q(S , h)(U,V; W,Z)
= −λ3 {h((W ∧S Z)U,V) + h(U, (W ∧S Z)V)} ,

for all W,Z,U,V ∈ Γ(T M). This means that,

R⊥(W,Z)h(U,V) − h(R(W,Z)U,V) − h(U,R(W,Z)V)
= −λ3{h(S (Z,U)W − S (W,U)Z,V) + h(S (V,Z)W − S (W,V)Z,U)}.

Here taking W = V = ξ, we obtainand by using (2.2) and (2.9)

−h (U,Z − η (Z) ξ) = −λ3 [−h (U,− (n − 1) Z)] .

Then, we can infer
(n − 1) λ3h (U,Z) = h (U,Z) .

This proves our assertion. □

Theorem 3.7. Let M be an invariant 2-Ricci-generalized pseudoparallel submanifold of a para-Sasakian manifold
M̄2n+1(ϕ, ξ, η, g). Then, M is either totally geodesic or λ4 =

1
n−1 .
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Proof. Let us assume that M is a 2-Ricci-generalized pseudoparallel submanifold. Then, from (2.8), we have

(R̄(W,Z) · ∇̄h)(U,V,T ) = λ4Q(S , ∇̄h)(U,V,T ; W,Z),

for all W,Z,U,V,T ∈ Γ(T M). This implies that

R⊥(W,Z)(∇̄Uh)(V,T ) − (∇̄R(W,Z)Uh)(V,T ) − (∇̄Uh)(R(W,Z)V,T ) − (∇̄Uh)(V,R(W,Z)T )

= −λ4{(∇̄(W∧S Z)Uh)(V,T ) + (∇̄Uh)((W ∧S Z)V,T ) + (∇̄Uh)(V, (W ∧S Z)T )}.

Here, taking W = V = ξ, we have

R⊥(ξ,Z)(∇̄Uh)(ξ,T ) − (∇̄R(ξ,Z)Uh)(ξ,T ) − (∇̄Uh)(R(ξ,Z)ξ,T ) − (∇̄Uh)(ξ,R(ξ,Z)T )

= −λ4{(∇̄(ξ∧S Z)Uh)(ξ,T ) + (∇̄Uh)((ξ ∧S Z)ξ,T ) + (∇̄Uh)(ξ, (ξ ∧S Z)T )}.
(3.14)

Now, let’s calculate each of these expressions. Also, taking into account (2.1) and (2.9), we arrive at

R⊥(ξ,Z)(∇̄Uh)(ξ,T ) = R⊥(ξ,Z){∇⊥Uh(ξ,T ) − h(∇UT, ξ) − h(T,∇Uξ)}

= −R⊥(ξ,Z)h(ϕU,T )

= −R⊥(ξ,Z)ϕh(U,T ).

(3.15)

On the other hand, by using (2.1) and (2.9), we have

(∇̄R(ξ,Z)Uh)(ξ,T ) = ∇⊥R(ξ,Z)Uh(ξ,T ) − h(∇R(ξ,Z)Uξ,T ) −h(ξ,∇R(ξ,Z)UT )

= −h(ϕR(ξ,Z)U,T )
= −ϕh(R(ξ,Z)U,T )
= −ϕh (η (U) Z − g (Z,U) ξ,T )

= −η (U) ϕh (Z,T ) ,

(3.16)

(∇̄Uh)(R(ξ,Z)ξ,T ) = (∇̄Uh)(Z − η(Z)ξ,T )

= (∇̄Uh)(Z,T ) − (∇̄Uh)(η(Z)ξ,T )

= (∇̄Uh)(Z,T ) − ∇⊥Uh(η(Z)ξ,T ) + h(∇Uη(Z)ξ,T ) + h(η(Z)ξ,∇UT )

= (∇̄Uh)(Z,T ) + h(Uη(Z)ξ + η(Z)∇Uξ,T )

= (∇̄Uh)(Z,T ) + h(ϕU,T )η(Z)

= (∇̄Uh)(Z,T ) + η(Z)ϕh(U,T ),

(3.17)

(∇̄Uh)(ξ,R(ξ,Z)T ) = ∇⊥Uh(ξ,R(ξ,Z)T ) − h(∇Uξ,R(ξ,Z)T ) − h(ξ,∇UR(ξ,Z)T )
= −h(ϕU,R(ξ,Z)T )
= −ϕh(U,R(ξ,Z)T )
= −ϕh (U, η (T ) Z − g (Z,T ) ξ)

= −η (T ) ϕh (U,T ) .

(3.18)

Now, let’s calculate the right side of (3.14). Making use of (2.1), (2.2) and (2.9), we have

(∇̄(ξ∧S Z)Uh)(ξ,T ) = ∇⊥(ξ∧S Z)Uh(ξ,T ) − h(∇(ξ∧S Z)Uξ,T ) − h(ξ,∇(ξ∧S Z)UT )

= −h(ϕ(S (Z,U)ξ − S (ξ,U)Z),T )
= ϕh(S (U, ξ)Z,T ) = − (n − 1) η (U) ϕh(Z,T ),

(3.19)

(∇̄Uh)((ξ ∧S Z)ξ,T ) = (∇̄Uh)(S (Z, ξ)ξ − S (ξ, ξ)Z,T )

= (∇̄Uh) (S (Z, ξ) ξ,T ) − (∇̄Uh) (S (ξ, ξ) Z,T )

= (∇̄Uh) (− (n − 1) η (Z) ξ,T ) − (∇̄Uh) (− (n − 1) Z,T )

= − (n − 1) (∇̄Uh) (η (Z) ξ,T ) + (n − 1) (∇̄Uh) (Z,T )

= (n − 1) h
(
η (Z) ∇̄Uξ,T

)
+ (n − 1) (∇̄Uh) (Z,T )

= (n − 1) η (Z) ϕh (U,T ) + (n − 1) (∇̄Uh) (Z,T ) ,

(3.20)
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Finally,
(∇̄Uh)(ξ, (ξ ∧S Z)T ) = (∇̄Uh)(ξ, S (Z,T )ξ − S (ξ,T )Z)

= (∇̄Uh)(ξ, S (Z,T )ξ) + (n − 1) (∇̄Uh)(ξ, η(T )Z)

= ∇⊥Uh(ξ, S (Z,T )ξ) − h(∇Uξ, S (Z,T )ξ) − h(ξ,∇US (Z,T )ξ)

+ (n − 1) {∇⊥Uh(ξ, η(T )Z) − h(∇Uξ, η(T )Z) − h(ξ,∇Uη(T )Z)}
= (n − 1) {−h(ϕU, η(T )Z)}
= − (n − 1) η(T )ϕh(Z,U).

(3.21)

By substituting (3.15), (3.16), (3.17), (3.18), (3.19), (3.20) and (3.21) into (3.14), we reach at

−R⊥(ξ,Z)ϕh(T,U) + η (U) ϕh(Z,T ) − (∇̄Uh)(Z,T ) − η(Z)ϕh(U,T ) + η (T ) ϕh(U,Z)
= −λ4{− (n − 1) η(U)ϕh(Z,T ) + (n − 1) η (Z) h (U,T )

+ (n − 1) (∇̄Uh)(Z,T ) − (n − 1) η (T ) ϕh (U,Z)}.

(3.22)

Here, if taking T = ξ in (3.22), then

− (n − 1) λ4{(∇̄Uh)(Z, ξ) − ϕh(U,Z)} = −(∇̄Uh)(Z, ξ) + ϕh(U,Z).

We conclude that
h (U,Z) = (n − 1) λ4h(U,Z) = 0

which proves our assertion. □

4. Conclusion

In this study, submanifolds that have not been studied before for para-Sasakian manifolds are discussed by making
use of many studies mentioned above. Invariant submanifolds are used for submanifolds of Para-Sasakian mani-
folds. For invariant submanifolds of Para-Sasakian manifolds, the concepts of pseudoparallel, 2-pseudoparallel, Ricci
generalized pseudoparallel, and 2-Ricci generalized pseudoparallel submanifold are defined. Then, necessary and
sufficient conditions are obtained for an invariant submanifold of the para-Sasakian manifold to be pseudoparallel,
2-pseudoparallel, Ricci-generalized pseudoparallel, and 2-Ricci generalized pseudoparallel.
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[1] Arslan, K., Lumiste, U., Murathan, C., Özgür, C., 2-semiparallel surfaces in space forms, Two particular cases, Proc. Estonian Acad. Sci.
Phys. Math., 49(3)(2000), 139–148.

[2] Asperti, A.C., Lobos, G.A., Mercuri, F., Pseudoparallel immersion in space forms, 10th School on Differential Geometry Mat. Contemp,
17(1998), 59–70.
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