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ABSTRACT. In this paper, we introduce the concept of Aj-lacunary statisti-
cal convergence for a A-measurable real-valued function defined on time scale,
where f is an unbounded modulus. Our motivation here is that this defini-
tion includes many well-known concepts which already exist in the literature.
We also define strong A ¢-lacunary Cesdro summability on a time scale and
give some results related to these new concepts. Furthermore, we obtain nec-
essary and sufficient conditions for the equivalence of Af-convergence and
Ajg-lacunary statistical convergence on a time scale.

1. Introduction

The idea of statistical convergence for sequences of real and complex numbers,
which was introduced by Fast [1] and Steinhaus 2] independently, is a generalization
of ordinary convergence. This concept depends on density of subset of natural
numbers N. The natural (or asymptotic density) of a set K C N defined by

1
0(K)= lim —|{k<n:keK},
n

n—oo

if the limit exist, where |A| indicates the cardinality of any set A. A sequence
x = (x) is said to be statistically convergent to L, if for every £ > 0, the set
K. :={k € N:|z; — L| > ¢} has zero natural density, i.e., for each € > 0,

1
lim—{k<n:|zy—L| =€} =0,
non

and written as st — limx = L. The set of all statistical convergent sequences is
denoted by S. Over the years, statistical convergence and related notions have
been studied by many researchers [3H15].

The idea of a modulus function was introduced by Nakano [16]. Later, Ruckle
[17], Maddox [18] and many authors used this concept to construct some sequence
spaces. A function f : [0,00) — [0,00) is called modulus function, or simply
modulus, if
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i) f(z) =0 if and only if x = 0,

i) f(e+y) < f(x)+ fly) forz >0,y >0,

iii) f is increasing,

iv) f is continuous from right at 0.

From the above properties (ii) and (iv), it is clear that a modulus function f is
continuous everywhere on [0,00). A modulus function may be bounded or un-
bounded. For example, f (x) = 115 is bounded, but f (z) = 2P, where 0 < p < 1,
is unbounded.

Aizpuru et al. [9] defined a new concept of density by using an unbounded mod-
ulus function, and also with this way, they defined f-statistical convergence for
sequences as follows:

A sequence x = (xp) is said to be f-statistically convergent to L, if for each
e >0,

li 1

where f is an unbounded modulus function, and one writes it as st/ —limz;, = L.

A time scale is any arbitrary nonempty closed subset of real numbers R and
is denoted by T. The time scales calculus was first introduced by Hilger [20].
This new theory allows one to unify discrete and continuous analysis as it has the
differentiation and integration of independent domain used. Because of this feature,
it has received much attention and its applications have been studied in many areas
of science [21124]. In addition, the first studies related to the statistical convergence
and summability theory on time scales were done in [25] and [26], independently.
In the following years, as a continuation and generalization of these studies, many
researchers have moved well known some topics in summability theory for sequences
or Lebesque measurable functions to time scale calculus [27-33]. Before giving these
definitions, we shall mention some basic concepts of the time scale calculus that we
will use in later sections.

The forward jump operator o : T — T can be defined by

f{k <n:lag— LI > €}]) =0,

o(t)=inf{s € T: s> t},

for t € T. In this definition we put inf() = sup T, where @) is an empty set. The
graininess function pg : T — [0,00) can be defined by u(t) = o(t) —t. A closed
interval in a time scale T is given by [a,b]; = {t € T :a <t < b}. Open intervals
or half-open intervals are defined similarly.

Let F' denote the family of all left closed and right open intervals on T of the
form [a,b)p. Let m : F' — [0,00) be a set function on F' such that m ([a,b);) =
b — a. Then, the set function m is a countably additive measure on F. Now, the
Caratheodory extension of the set function m associated with the family F' is said
to be the Lebesgue A-measure on T and this is denoted by pua. In this case, it is
known that if ¢ € T\ {max T}, then the single point set {a} is A—measurable and
pua ({a}) =o(a) —a. If a,b € T and a < b, then pa ((a,b)7) =b—o0(a). If a,b €
T\ {max T} and a < b, then pa ((a,bl;) = o (b) — o (a) and pa ([a,b];) =0 (b) —a
(see [23)).

Now, we recall some basic concepts related to summability theory on time scales.
We should note that throughout the paper, we consider that T is a time scale
satisfying inf T = ¢¢ > 0 and sup T = co.
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Definition 1.1. [26] Let g : T — R be a A-measurable function. We say that g is
statistically convergent to a number L on T, if for every e > 0,

i Hads € ltotlr:lg(s) = Li>eh) _

t=00 pa ([to, tlr)
which is denoted by sty — tlim g(t)=L.
— 00

bl

Let 6 = (k,) is an increasing sequence of non-negative integers with kg = 0 and
o (kr)—o (ky.—1) — 0o as r — oo. Then 0 is called a lacunary sequence with respect
to T [27].

Definition 1.2. [27] Let 6 = (k) be a lacunary sequence on T. A A-measurable
function g : T — R is said to be lacunary statistically convergent to a number L on
T, if for every e > 0,

i 148 (05 € (1, )s g ) — 1] > )
r—0o0 HA ((krfla kr]']r)
which is denoted by stg_r — lim g (¢t) = L.
t—o0

:07

Definition 1.3. 27/ Let 8 = (k,) be a lacunary sequence on T and let g : T — R
be a A-measurable function. Then g is strongly lacunary Cesdro summable to L on
T, if there exists an L € R such that

1
lim ———M—— / g(s) —L|As =0.
r=o0 i ((kr—1, kr]p) l9(s) = LI
(krfhk‘r]'r

The set of all strongly lacunary Cesdro summable functions on T is denoted by
No_T.

Definition 1.4. [39] Let f be a modulus function and g : T — R be a A-measurable
function. We say that g is Ay-convergent to a number L on T, if for every e > 0,

. 1 o) _
Jim mf(m ({s € [to, tlp : g (s) = L| = €})) = 0,

and we write it as Ay —tlim g (t) = L. Also, we denote the set of all A-convergent
— 00
functions on T by Sﬂ’f,

Our aim here is to introduce the concepts of A y-lacunary statistical convergence
and strong Ag-lacunary Cesdro summability on a time scale T with respect to a
modulus function f, by continuing of [32]. We also present several results related
to these new concepts.

2. Ay-Lacunary Statistical Convergence on Time Scale

We start this section by defining the concept of A-lacunary statistical conver-
gence on a time scale.

Definition 2.1. Let f be an unbounded modulus function and let = (k,) be a
lacunary sequence on T. Then a A-measurable function g : T — R is Ay-lacunary
statistically convergent to a number L on T, if for every e > 0,

; 1 slg(s) — el)) =
P Pl G ? 2 8 € (oo el o () = H > 2h) = 0.
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and we write it as sté:T — tlim g (t) = L. The set off all Ay-lacunary statistically
— 00
convergent functions on T is denoted by Se]):qr-
This definition includes some special cases.

Remark. i) If we choose f (z) = x in Definition 2.1, then Ay-lacunary statistical
convergence is reduced to lacunary statistical convergence on a time scale introduced
m [27/,

4i) If we take T = N, then Definition 2.1 gives us the concept of f-lacunary
statistical convergence which is defined in [10].

Theorem 2.1. Let f be an unbounded modulus function and let § = (k,) be a
lacunary sequence onT. For any a A-measurable function g : T — R, tlim g(t)=1L
—00

. . oy _
implies sty tllglog(t) L.

Proof. Suppose that lim g (t) = L. Then, for each € > 0, the set
{seT:|g(s)—L| > s} is bounded. Since

{se€(krrk]p:lg(s) LI Ze} S{seT:|g(s) - L| > ¢}
and modulus function f is increasing, therefore
flpa({s € (kro1sbrlp i lg(s) =Ll > e})) _ flua({s€T:lg(s ) LI >e€})
[ (pa ((kr—1, kr]p)) h f(pa ((kr—1, kr]p))

Taking limit as » — oo on both sides, we get

- f(pa({s € (br1, krlp |9 (s) — L| = €}))

1 =

5 7 s (Gre1: e lo) )
which means that Stgf’ﬂ‘ - tlirglog (t)=L. O

Theorem 2.2. Let f be an unbounded modulus function and let § = (k) be a
lacunary sequence on T. For any a A-measurable function g : T — R, stgiT -
lim g (t) = L implies stg_p — lim g (t) = L.

t—00 t—o0

Proof. Suppose that stg_T — tlim g (t) = L. Then, using the definition of limit and
—00

also using the properties of modulus function f, for every p € N, for sufficiently
large t € T, we have

fua ({s € (krer, kel g (s) — LI = €})) < %f (o ((kr—1, krly))
1 pa ((kr—1, krlp)
<y ( T )
o HA ((kr—lakr}'ﬂ‘)
-/ ( p )
and since f is increasing, we get
pa({s € (kr-v,krly i lg(s) L >e}) _ 1
pa ((kr—1, krly) P
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which means that stg_ — tlim g (t) = L. Hence, the proof is completed. O
— 00
Corollary 2.3. Let f be an unbounded modulus function and let 0 = (k) be a
lacunary sequence on T. For any a A-measurable function g : T — R, we have
tll)rglog (t)=L= sty tliglog (t) =L = sto_t tl_l}r(r)l()g (t) = L.
3. Strong A¢-Lacunary Cesaro Summability and A;-Lacunary
Statistical Convergence on Time Scale

Now, we first introduce strong A y-lacunary Cesaro summability of a A-measurable
function defined on a time scale. We also investigate the relationship between the
strong Ag-lacunary Cesaro summability and strong lacunary Cesdro summability
on a time scale.

Definition 3.1. Let f be a modulus function and let 6 = (k,.) be a lacunary sequence
on T. Then a A-measurable function g : T — R is said to be strongly As-lacunary
Cesdro summable to a number L on T if

1
im —— / S INAs — 0.
= ua (el S 7 (g (s) = LI)

The set off all strongly Ay-lacunary Cesdro summable functions on T is denoted by
f

Ny_r.
We now give some lemmas we will use next theorem.

Lemma 3.1. [18] Let f be any modulus function and let 0 < 6 < 1. Then, for
each x > &, we have f(z) <2f (1)6 ta.

Lemma 3.2. [19] Let f be any modulus function. Then tlim @ exists.
—00

Theorem 3.3. i) For any modulus function f, we have Ng_1 C N(',f_T.
i) Let [ be any modulus function. Iftli)r& @ > 0, then we have NJ_T C Nyg_r.
Proof. 1t is easy to see using Lemma 3.1 and Lemma 3.2. (I
As a corollary we have
Corollary 3.4. Let f be any modulus function. If tlggo@ > 0, then we have
N} o= Ny_r.

Now, we give the relationship between the A-lacunary statistical convergence
and strong A y-lacunary Cesaro summability on time scale. Before doing this, we
remind Jensen’s inequality on time scale.

Lemma 3.5. [22] Let a,b € T and ¢,d € R. If ¢ : [a,b] — (¢, d) is rd-continuous
and F : (¢,d) — R is convex, then

b b

Je@at)  [F(s()At

a a

F <
b—a b—a
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Lemma 3.6. [18] There is a modulus function f for which there exists a positive
constant ¢ such that f (zy) = cf (x) f (y) for allz >0, y > 0.

Theorem 3.7. Let g : T — R be a A-measurable function and let 6 = (k) be a
lacunary sequence on T. Then, we have
i) Let f be an unbounded convex modulus function for which tli}m @ > 0 and
i LA/
tliglo 1/t
cf (z) f(y) for allx >0, y > 0. If g is strongly Ag-lacunary Cesdro summable to

> 0 exists and there exists a positive constant ¢ such that f(zy) >

L, then stg_Tr — tlim g (t) = L, but not conversely.
—00
i) If sté:T — tllrglcg(t) = L and g is a bounded function, then g is strongly

Ag-lacunary Cesdro summable to L, for any unbounded modulus function f.

Proof. It can be proved by considering similar way with in Theorem 14 of [10] and
Theorem 1, Theorem 2 of [27] and also using Lemma 3.5. O

Now, under certain restrictions on 6 = (k,.) and modulus function f, we investi-
gate necessary and sufficient conditions for the equivalence of A ¢-convergence and
Ay-lacunary statistical convergence on a time scale.

Theorem 3.8. Let f be an unbounded convex modulus function for which tlim @ >
— 00

0 and tlim % > 0 exists and there exists a positive constant ¢ such that f (xy) >
— 00

cf () f(y) forallx >0,y > 0 and let 0 = (k) be a lacunary sequence on T. Then,
we have

k.
inf o (k)

> 1.
oo g kr—l)

S{; C Sg—qr if and only if lim

r—

Proof. The proof can be done easily by combining the ideas in Lemma 3.1 of [2§]
and Lemma 17 of [10]. Hence, we omit it. O

Theorem 3.9. Let f be an unbounded conver modulus function for which tlim @ >
—00

0 and tlim % > 0 exists and there exists a positive constant ¢ such that f (zy) >
—00

cf () f(y) for allz >0, y =0 and let 0 = (k) be a lacunary sequence on T such
that pu (t) < Mt for some M > 0 and for allt € T. Then, we have
o (kr)

Sg_T - S{; if and only if limsup ———— < o0.
r—oo O (kr—l)

Proof. The proof can be done easily in view of Lemma 3.2 of [28] and Lemma 19
of [10]. Hence, we omit it. O

I
¢

We here note that all the restrictions apart from tlim > 0 on the modulus
— 00

function f in Theorem 3.8 and Theorem 3.9 are needed only in the necessity part
of these theorems.
Combining Theorem 3.8 and Theorem 3.9, we obtain the following result.

Corollary 3.10. Let f be an unbounded convex modulus function for which tlim FOIEN
—00

t
fast)

/e > 0 exists and there exists a positive constant ¢ such that f (xy) >

0 and lim
t—o00
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() f(y) for allz =20, y =0 and let 0 = (k) be a lacunary sequence on T such

that wu (t) < Mt for some M > 0 and for allt € T. Then, we have

. . . kr) o o (kr)

§f _gf donlyif 1<timinf-2FD) < T < o,

o-r =St ifand only if 1 <lminf 755 < limsup 755 < 00
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