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Abstract

In this paper, we study the modified Pell polynomials. We first give the proof of the generating
function of these polynomials. We then give the proof of the Binet formula for the modified
Pell polynomials, which gives the nth modified Pell polynomial. We also obtain some
summation formula for these polynomials. In addition, we investigate some well-known
identities including Catalan, Cassini, d’Ocagne and Gelin-Cesaro identities involving the
modified Pell polynomials.
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1. INTRODUCTION
In recent years, the second-order recurrent sequences have been studied by many authors. The

well-known examples of these sequences are Fibonacci, Lucas, Pell, Pell-Lucas and modified
Pell. We refer the reader to [1-7].

In Ref. [2], the Fibonacci and Lucas sequences {FE,} and {L,,} are defined by the recurrence

relations
F,=0, F;=1, E,=F,_; +F,_,forn> 2,
LO = 2, Ll = 1, LTL = LTL—l + LTL—2 fOI'TL 2 2,

respectively.
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In Ref. [7], the Pell, Pell-Lucas and modified Pell sequences {P,}, {Q,} and {q,,} are defined
by the recurrence relations

PO =0, P1 = 1, PTl= 2Pn_1+Pn_2f0I'n22,

QO = 2' Ql = 2' Qn = 2Qn—1 + Qn—Z forn = 21

9=1 ¢:=1 qn=2qn1+qu,forn=2,
respectively.

Various sequences of polynomials by the names of Fibonacci and Lucas polynomials occur in
the literature over a century. The Fibonacci polynomials E,(x) are defined by the recurrence

relation

Fy(x) = xFp_q (%) + F_p (%),
where Fy(x) =0, F;(x) =1andn > 2.
The Lucas polynomials L,, (x) are defined by

Lp(x) = xLp_1(x) + Lp_»(x),
where Ly(x) =2, L,(x) =xandn > 2.
The Fibonacci and Lucas polynomials have many properties which have been studied in [8-11].
In Ref. [12], Horadam and Mahon introduced Pell and Pell-Lucas polynomials. The Pell and
Pell-Lucas polynomial sequences are P, (x) and @, (x) are defined by the recurrence relations

Py(x) =0, Py(x) =1, B,(x) =2xP,_1(x) + P,_,(x) forn > 2,
Qo(x) =2, Q1(x) = 2x, Qn(x) = 2xQn—1(x) + Qn_2(x) forn = 2,
respectively.
Additionally, as a special case of Horadam polynomials [13], the modified Pell polynomials are
defined recursively by,
Q) =1, q1(x) =% qn(x) = 2xq5-1 (%) + g5 (x).

Also, the Binet formula and generating function of these polynomials gave by the authors in

the same paper without proofs, respectively, as

(o) = &)+ B0
In a(x) + B
1—xt
R

The main objective of this paper is to study modified Pell polynomials.
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2. ON THE MODIFIED PELL POLYNOMIALS

In this section, we first give the proof of the generating function and Binet formula of the
modified Pell polynomials. Then, we obtain summation formulas and various identities for this
sequence.

Firstly, we aim to give the proof of the generating function for the modified Pell polynomials.
Theorem 1. The generating function of the modified Pell polynomials is

1—xt

ftx) =1

2xt — t?%

Proof of Theorem 1. The generating function can be written as f(t, x) = Yoo g, (X)t™.
Then we have,

F(t,x) = qo(x) + q1 (Ot + g GOt + -+ + g (O™ + -+,
2xtf(t,x) = 2xqo(x)t + 2xq, (x)t% + 2xq, () t3 + -+ + 2%, (O™ + -+,
and
t2F(t, %) = qo ()2 + g1 ()3 + g ()4 + -+ + Guop QO™ + -+,
So, we get
fltx) (1 = 2xt = %) = qo(x) + [4: (x) — 2xgo (D)]¢.
Thus, we obtain

1—xt

ftx) =12

2xt — t%
This completes the proof.

We now give the proof of the Binet formula for the modified Pell polynomials in the following
theorem.

Theorem 2. The nth term of the modified Pell polynomials is

a™(x) + ™ (x)
a(x) + B(x)

qn(x) = x

where a(x) =x ++vVx2+1 and B(x) = x —Vx2? + 1 are the roots of the equations r? —

2xr—1=0.

Proof of Theorem 2. We know that the general solution for the recurrence relation is given by
qn(x) = ca™(x) +dp"(x)

for some coefficients ¢ and d.
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Using the initial values qo(x) = ¢ + d and g, (x) = ca(x) + dB(x), we have

1 1
c=-andd = -.
2 2

Hence, the Binet formula for g,,(x) is obtained as

a(x) + p™(x)
a(x) +p(x)

Qn(x) =X

So, the proof is completed.
We now investigate some identities for the modified Pell polynomials.

Theorem 3. Let n and r be two positive integers. Then Catalan identity for the modified Pell
polynomials is

[a”(x) + B"(x)]?
7 :

Qn+r(x)Qn—r(x) - an(x) = (_1)n+1 + (=D
Proof. By using the Binet formula of the modified Pell polynomials, we get

An+r (x)Qn—r (x) — an (x)

_ an+r(x) + ﬁn+r(x)l lan—r(x) + ﬁn—r(x) L [an(x) + Bn(x)r

a(x) + p(x) a(x) + p(x) a(x) + B(x)
_ 2 (=D™ + 2 (=DM e () + B ()]
[a(x) + B (x)]? '
Since @ + = 2x, we obtain
Gnar () Gn—r (X) — g, (x) = % +x2(=1)"" [ar(x);;fr(x)]z
[a”(x) + ﬁr(x)]z.

— (_1)n+1 + (_1)n—r 4

By taking r = 1 in Theorem 3., Cassini identity for the modified Pell polynomials, which is
given in the following corollary, is obtained.

Corollary 1. For positive integer n, we have
Tn+1(X)qn_q (x) — an(x) = (D™ (x% + 1).
D’Ocagne identity for the modified Pell polynomials is given in the following theorem.

Theorem 4. For positive integers m and n, we get

Im () qn41(x) = @n(X) @11 (x) = (x* + 1)(_1)n+1pm—n(x)
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where P, (x) is the nth Pell polynomial.

Proof. By using the Binet formula, we get

Im (X)) qn41(x) = @n (X) G0 ()

_ o [em ) + 8™ [a”“(x) + B”“(x)] o [@" @) 4 BT [am T (x) + B (%)
a(x) + p(x) a(x) + f(x) a(x) + p(x) a(x) + p(x)
, @)™ (x) + @™ () (x) — a™ ()™ (x) — a™ () ™ (X)
- [aC0) + BOO?
22 [a(x) = BC)][a™ ()™ (x) — a™(x) ™ (x)]
- [() + B2

= (- (x2 + 1),

|

The following theorem gives Gelin-Cesaro identity for the modified Pell polynomials.
Theorem 5. The identity

Gn* (X) = G2 () Gn—1 () Gns1 () @z (x) = 4x*(x* + 2x% + 1)

[a™(x) + B (x)]?

—(4x* +3x*> - 1)(-D" 2

where g, (x) is a the modified Pell polynomials.
Proof. For the equality, from the Binet formula
Qn4(x) - Qn—z(x)Qn—l(x)Qn+1(x)CIn+2 (x)

_ la”(x) +pm" @] » [a”‘z(x) + ﬁ"‘z(x)l [a"‘l(x) +p" (%)
T e+ M) a(x) + B (x) a(x) + B(x)

lan+1(x) + ﬁn+1(x)l lan+2(x) + ,8"+2(x)

a(x) + B (x) a(x) + B(x)
@16t - 12x?) (D) Ma™(x) + B (0)]? + (64x° + 128x* + 64x?)
* [aG) + FGOT*
— (4x6 + 8x4— + 4x2) _ (4x4 + 3X2 - 1)(_14)-1252 [an(x) + ,Bn(x)]z
[a"(x) + B™(x)]?

=4x%(x*+2x?+1) — (4x* + 3x2 — 1)(—1)" 2

can be written which is desired. =
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We now investigate some sum formulas of this sequence.

Theorem 6. The sum of the first n terms of the modified Pell polynomials is

Z qr (%) = — qn+1(x) + qn(x) —x — 1].

Proof. From the recursive relation related with the modified Pell polynomials, we can write

1 1
qn-1(x) = gqn(x) - ﬂqn_z(x).

Then we have
1 1
q:(x) = ﬂ‘h(x) - ﬂ%(x)
1 1
q,(x) = ﬂ%(x) - ﬂ‘h(x)

qs(x) = i‘14(95) i‘Iz(x)

1 1
Qn(x) = ﬂ‘hﬂ(x) - aCIn—l(x)-

Hence, we obtain

Z 0() = 5441 () + 4G ~ 5= [40(2) + 4 (O]

1
= I [qn+1(x) + qn(x) —x —1]

which completes the proof.
From Theorem 6., we can give the following corollary.

Corollary 2. For n > 1, we have

Zm(@ = 7= [@ana () = x],

Z Q1) = 5= 4200 — 1]
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3. CONCLUSION
In this study, we investigate some properties of the modified Pell polynomials. We give the

proof of the Binet formula and generating function of the modified Pell polynomials. We also
give some summation formulas for these polynomials. Moreover, we obtain some well-known
identities, such as Catalan, Cassini, d’Ocagne and Gelin-Cesaro identities involving the

modified Pell polynomials.
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