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Abstract  Öz 

The aim of this research is to examine the mechanical buckling behavior 
of multi-layered functionally graded beams in the axial direction. 
Numerical buckling analyses were performed using finite element 
software called ANSYS. Each beam configuration is suggested to be 
three layers prepared using various percent volume fractions of 
Zirconia (ZrO2) and Aluminum (Al) materials. The levels of layers and 
layer positions of the beams were evaluated according to Taguchi’s L9 
(33) orthogonal array technique. Layers were determined as control 
factor and so nine numerical analyses were performed under clamped-
clamped boundary conditions. The first mode shapes of the axially 
layered functionally graded beams were demonstrated in order to 
detect the most affected layers as visually. Analysis of signal-to-noise 
ratio was applied to obtain the optimum levels of layers. Analysis of 
Variance (ANOVA) was employed to solve the layers with significant 
impacts and their percent contributions on numerical results. The 
maximum buckling load was determined using various positions of 
layers with the optimum levels obtained based on Taguchi methodology. 

 Bu araştırmanın amacı eksenel yönde çoklu tabakalı fonksiyonel 
derecelendirilmiş kirişlerin mekanik burkulma davranışlarını 
incelemektir. Sayısal burkulma analizleri ANSYS olarak bilinen sonlu 
elemanlar yazılımı kullanılarak gerçekleştirilmiştir. Her kiriş 
konfigürasyonu Zirkonyum (ZrO2) ve Alüminyum (Al) malzemelerinin 
değişik yüzde hacim fraksiyonları kullanılarak hazırlanmış üç tabaka 
olarak önerilmiştir. Tabaka seviyeleri ve kirişlerin tabaka pozisyonları 
Taguchi L9 (33) ortogonal dizi tekniğine göre incelenmiştir. Tabakalar 
kontrol faktörleri olarak değerlendirildi ve böylece dokuz sayısal analiz 
tutulu-tutulu sınır şartları altında gerçekleştirildi. Görsel olarak en çok 
etkilenen tabakaları tespit etmek için eksenel yönde tabakalı olarak 
fonksiyonel derecelendirilirmiş kirişlerin birinci mod şekilleri gösterildi. 
Tabakaların optimum seviyelerini elde edebilmek için sinyal-gürültü 
oran analizi kullanıldı. Sayısal sonuçlar üzerinde önemli etkilere sahip 
tabakalar ve onların yüzde katkı oranlarını çözmek için Varyans Analizi 
(ANOVA) uygulandı. En yüksek burkulma yükü Taguchi metodolojisine 
bağlı elde edilen optimum seviyeli tabakaların değişik pozisyonları 
kullanılarak karar verildi. 

Keywords: Functionally graded materials, Beam, Buckling,  
Finite element method 

 Anahtar kelimeler: Fonksiyonel derecelendirilmiş malzemeler, 
Kiriş, Burkulma, Sonlu elemanlar metodu 

1 Introduction 

Beams and columns are significant structure members in 
various applications of engineering areas such as aerospace, 
automotive and marine etc. and they are generally made from 
different material types such as isotropic, composite and 
functionally graded materials (FGMs). FGM is useful and widely 
accepted in mechanical engineering and so it is possible to find 
a wide range of studies containing buckling analysis based on 
FGMs. In the literature, Li et al. [1] presented the bending, 
buckling and vibration analyses of the beams composed of 
functionally graded materials with ceramic and metal systems 
in axially direction according to nonlocal strain gradient theory. 
Kahya and Turan [2] suggested a model based on finite element 
to perform the buckling and free vibration analyses of the FG 
beams according to the first order shear deformation theory. 
Trinh et al. [3] proposed the analytical method in order to 
perform the buckling and vibration analyses of FG beams 
subjected to mechanical and thermal loads according to 
different boundary conditions. Vo et al. [4] reported a model 
based on finite element to carry out the buckling and vibration 
behavior of sandwich beams with functionally graded materials 
and they used a refined shear deformation theory for their 

study. Şimşek [5] evaluated the buckling characteristics of FG 
Timoshenko beams in axial and thickness directions for two 
dimensions under various boundary conditions. Huang et al. [6] 
presented a research consisting of buckling characteristics of 
beams with axially functionally graded and non-uniform and 
they used Timoshenko beam theory. As can be seen from the 
literature survey mentioned, there are several studies 
consisting of buckling analyses of the FG beams. In addition, 
there are various method for buckling analysis, such as 
localized differential quadrature method [7] semi-inverse 
method [8], functional perturbation method [9], variational 
iteration method [10], homotopy perturbation method [11], 
integral-equation approach [12], and exact dynamic stiffness 
method [13] etc. In the study presented, the mechanical 
buckling behavior of multi-layered functionally graded beams 
in the axial direction was investigated under clamped-clamped 
(C-C) boundary conditions. The layer positions were conducted 
using Taguchi’s L9 orthogonal array in order to carry out the 
optimum levels of layers on the buckling analyses. Finite 
element software as named ANSYS V13 Parametric Design 
Language (Mechanical APDL) was used for numerical analyses. 
In addition, the effects of layer positions and mechanical 
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properties of layers on buckling characteristic of axially layered 
functionally graded beams were evaluated. 

2 Materials and methods 

In engineering areas, the beams are generally manufactured 
using different materials such as metal and ceramic. In this 
study, the beams were designed using different percent volume 
fractions of metal (Aluminium) and ceramic (Zirconia) material 
in order to investigate the effects of layer positions and 
mechanical properties of layers on buckling behaviour of 
axially layered FG beams. Mechanical properties of FGM 
components, such as Young’s modulus and Poisson’s ratio, were 
given in Table 1. 

Table 1: Mechanical properties of FGM components [14]. 

Material Type of 
Material 

Mechanical Properties 
Young’s module 

(GPa) 
Poisson’s 

ratio 
Aluminum Metal 70 0.3 

Zirconia Ceramic 151 0.3 

The Poisson’s ratio for each material is constant and is used to 
be 0.3. The layer positions of the axially layered FG beams are 
employed using L9 orthogonal array with three factors and 
three levels each based on Taguchi Method and the layers are 
claimed to be control factors. The control factors and the levels 
are listed in Table 2. 

Table 2: Control factors and levels. 

Control Factors Symbol Levels 
Bottom Layer BL (BL)1 (BL)2 (BL)3 
Middle Layer ML (ML)1 (ML)2 (ML)3 

Top Layer TL (TL)1 (TL)2 (TL)3 

The axially layered functionally graded beams consist of three 
different layers designed from Zirconia/Aluminum systems 
and so the mechanical property of each layer is different from 
each other. The effective mechanical properties (Pef) of the 
layers of beams can be represented as Equation 1 [15]. 

Pef = ∑ PiVfi

i=1

 (1) 

where, Pi and Vfi
 are claimed to be the mechanical properties 

and volume fraction based on the constituent material i 
respectively. The sum of the volume fractions for all the 
constituent materials are written to be one as demonstrated in 
Equation 2 [15]. 

∑ Vfi
= 1

i=1

 (2) 

The change of the percent volume fractions of ceramic 
materials in layers are considered based on 3%. In order to 
obtain the maximum results for critical buckling load (Fcr) of 
the axially layered functionally graded beams, the numerical 
results computed based on ANSYS software are observed using 
Minitab 15 software based on “higher is better” quality 
characteristic as noted in Equation 3 [16]. 

(S/N)HB for 𝐹𝑐𝑟 = −10. log (n−1 ∑(yi
2)−1

n

i=1

) (3) 

where, n points out the number of analysis for buckling 
behavior in a trial and yi explains the determined ith data. 

3 Numerical approach 

Numerical first mode buckling analyses of the axially layered 
FG beams were evaluated using finite element software ANSYS 
APDL. The layers of the beams were modelled using different 
percent volume fractions of ceramic and metal materials in 
finite element software. The material properties of the each 
beam are considered to vary along the axial direction based on 
three layers. In analyses, BEAM189 element type was used for 
analyses. The element type includes Timoshenko beam theory 
which having shear-deformation effects and it is quadratic  
3-node beam element in three dimensions [17]. The cross-
sectional area and length of each layer is assumed to be 15x15 
mm2 and 100 mm respectively. The length of the axially layered 
FG beams is claimed to be 300 mm. Mesh operation for each 
layer was performed using NDIV (no. of element divisions) 
based on 100 value. The beams were analyzed under clamped-
clamped boundary conditions. Thus UX=UY=UZ=ROTX= 
ROTZ=ROTY=0 for bottom end and UX=UZ=ROTX=ROTZ= 
ROTY=0, UY≠0 for top end. The beams were designed using 
three layers and the beam configuration designed was 
demonstrated in Figure 1. 

 

Figure 1: Axially layered FG beam for C-C boundary conditions. 

4 Critical buckling results and discussions 

In the study, numerical design for first mode buckling analyses 
of the axially layered FG beams was achieved based on 
Taguchi’s L9 orthogonal array. S/N ratio results of raw data for 
buckling analyses were calculated using Minitab 15 software. 
The critical buckling results for first mode and their S/N ratio 
data were illustrated in Table 3. Numerical results and the first 
mode shapes for axially layered FG beams were demonstrated 
in Figure 2. According to Figure 2, the maximum buckling 
behavior of the beams was performed in the middle layers 
whereas the minimum buckling behavior were obtained in end 
layers. 

Table 3: Numerical design using L9 orthogonal array. 

Analysis 
No. 

Layers and Levels Results 

BL ML TL Fcr (N) 
S/N Ratio 
(dB) 

1 (BL)1 (ML)1 (TL)1 143469 103.135 
2 (BL)1 (ML)2 (TL)2 146527 103.318 
3 (BL)1 (ML)3 (TL)3 149546 103.495 
4 (BL)2 (ML)1 (TL)2 145834 103.277 
5 (BL)2 (ML)2 (TL)3 148918 103.459 
6 (BL)2 (ML)3 (TL)1 148788 103.451 
7 (BL)3 (ML)1 (TL)3 148162 103.415 
8 (BL)3 (ML)2 (TL)1 148086 103.410 
9 (BL)3 (ML)3 (TL)2 151193 103.591 

Overall Mean (T̅) 147835.89  
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4.1 Investigation of layers with optimum levels 

Average values of raw and S/N ratio data at each levels of each 
control factor were needed in order to achieve the optimal 
conditions. Thus, the numerical data obtained by using finite 
element software ANSYS were analyzed based on Taguchi’s L9 
orthogonal array in order to achieve the optimum levels of 
layers on the first mode buckling loads of the axially layered FG 
beams for the maximum result. Average data of raw results 
computed according to each level of each layer and their S/N 
ratio results were calculated using Minitab 15 software and so 
these results were tabulated in Table 4. 

Table 4 shows that the optimum levels of layers of the axially 
layered FG beams for the maximum critical buckling load were 
carried out to be the third levels of layers according to “Higher 
is Better” quality characteristic. 

4.2 Effect of % volume fractions of materials in layers 

The layered FG beams in axial direction were prepared using 
various layers consisting of different mechanical properties. 
The layers were designed according to various percent volume 
fractions of the ceramic and metal materials and so the layers 

with different characteristics from each other were designed. 
The average data of S/N ratio values based on each level of each 
layer were used in order to detect the influence of layers on the 
critical buckling load analysis of the beams under C-C boundary 
conditions. The main effects plot of layers according to S/N 
ratio values were illustrated in Figure 3. 

As can be obviously seen from Figure 3, the increase of the 
percent ceramic volume fractions in layers causes the increase 
the critical buckling loads whereas the increase of the percent 
metal volume fractions provides the decrease of responses and 
so the maximum critical buckling load can be obtained using the 
beams with layers made from the high % ceramic volume 
fractions. 

4.3 Analysis of Variance 

Analysis of Variance (ANOVA) was developed in order to 
achieve the layers with significant impacts and the percent 
effects of the layers on the performance measure. Analyses at 
95% confidence level were performed using raw data of the 
critical buckling loads. The results obtained based on ANOVA 
are presented in Table 5. 

 
1. Analysis 

 
2. Analysis 

 
3. Analysis 

 
4. Analysis 

 
5. Analysis 

 
6. Analysis 

 
7. Analysis 

 
8. Analysis 

 
9. Analysis 

Figure 2: Numerical data and the first mode shapes of the beams based on L9 orthogonal array. 
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Figure 3: Main effects plot of layers for S/N ratio data. 

Table 4: Responses table for critical buckling behavior. 

Level 
Signal to Noise Ratios in dB Means in N 

BL ML TL BL ML TL 

1 103.3 103.3 103.3 146514 145822 146781 

2 103.4 103.4 103.4 147847 147844 147851 

3 103.5 103.5 103.5 149147 149842 148875 

Delta 0.2 0.2 0.1 2633 4021 2094 

Rank 2 1 3 2 1 3 

Table 5: ANOVA results for raw data. 

Source DF Seq SS Adj SS Adj MS F P % Influence 

BL 2 10399556 10399556 5199778 3944.87 0 25.22 

ML 2 24248913 24248913 12124456 9198.36 0 58.81 

TL 2 6580422 6580422 3290211 2496.16 0 15.96 

Error 2 2636 2636 1318   0.01 

Total 8 41231527     100 

S=36.3058, R-Sq=99.99%, R-Sq(adj)= 99.97%. 
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In the Table 5, DF, SS, MS represent the symbols such as degrees 
of freedom, sum of squares, variance respectively. According to 
ANOVA data, ML with 58.81% influence and BL with 25.22% 
influence, and TL with 15.96% influence were carried out to be 
the major factors affecting buckling behavior of the beams, 
respectively. The error value of ANOVA was found to be 0.01 %. 
In addition, the layers exert significant impacts on the critical 
buckling loads depending on P < 0.05 value. 

4.4 Estimation of optimum critical buckling load 

In order to estimate the optimum critical buckling load for first 
mode of axially layered FG beams, the significant layers 
determined based on ANOVA at 95% confidence level (P<0.05) 
were used. The estimated mean of the optimum critical 
buckling load can be identified depending to Equation 4 [16]. 

µFcr
= BL3

̅̅ ̅̅ ̅ + ML3
̅̅ ̅̅ ̅̅ + TL3

̅̅ ̅̅ ̅ − 2T̅ (4) 

where, T̅=147835.89 N is taken to be the overall mean of the 
first mode critical buckling load for Taguchi L9 orthogonal 
array. BL3

̅̅ ̅̅ ̅=149147 N, ML3
̅̅ ̅̅ ̅̅ =149842 N, and TL3

̅̅ ̅̅ ̅=148875 N 
represent the average data of the first mode critical buckling 
loads at third level of bottom layer, middle layer, and top layer 
respectively and so µFcr

 is computed to be 152192.22 N. The 

95% confidence intervals of confirmation analyses (CICA) using 
Equation 5 [16] and population (CIPOP) using Equation 6 [16] 
are calculated as follows: 

CICA = (Fα;1;n2
VEr [

1

neff
+

1

R
])

0.5

 (5) 

CIPOP = (
Fα;1;n2

VEr

neff
)

0.5

 (6) 

where, α is risk and it is used to be 0.05 for 95% confidence 
level  and n2 = 2 means the error data for degree of freedom in 
Table 5 and so Fα;1;n2

is found to be 18.5 from F values tabulated 

[16] for 95% confidence level. VEr=1318 is identified to be error 
variance in Table 5. R=1 is determined to be number of 
replications for confirmation analyses. 

neff =
N

(1 + TDOF)
 (7) 

where, N identifies the total number of numerical analyses and 
is taken to be 9. TDOF=6 expresses the number for degree of 
freedom based on significant control parameters. neff is 
calculated to be 1.286 and so the predicted confidence interval 
for confirmation analyses of first mode buckling loads are 
obtained using following equation [16]: 

Mean µFcr
− CICA < µFcr

< CICA + Mean µσT
 

The population according to the 95% confidence interval is 
determined using following equation [16]:  

Mean µFcr
− CIPOP < µFcr

< CIPOP + Mean µσT
 

The CICA and CIPOP are calculated to be 208.19 and 137.70 
respectively. The numerical and the predicted results, 
confidence intervals for confirmation analyses and population 
according to the 95% confidence levels are tabulated in  
Table 6. 

4.5 Selection of layer arrangements of beams 

In order to detect the maximum critical buckling load based on 
the first mode, the axially layered FG beams with various layer 
positions different from each other were designed using layers 
with the optimum levels. The beam types designed and their 
numerical buckling results for first mode were presented in 
Table 7. The increase of percent volume fractions of ceramic 
contents in the middle layers leads to the increase of the critical 
buckling loads. Therefore the beam configurations with (BL)3-
(TL)3-(ML)3 and (ML)3-(TL)3-(BL)3 provide the maximum 
critical buckling load for the first mode. In addition, the 
minimum critical buckling load based on the first mode are 
obtained using the beam configurations with (ML)3-(BL)3-(TL)3 
and (TL)3-(BL)3-(ML)3 and these configurations have the 
middle layers with metal rich according to the layers with the 
optimum levels. 

Table 6: Results for beams made from layers with the 
optimum levels. 

No Type of Configuration Fcr (kN) 

1 (BL)3-(ML)3-(TL)3 152.3 

2 (BL)3-(TL)3-(ML)3 154.8 

3 (ML)3-(BL)3-(TL)3 149.7 

4 (ML)3-(TL)3-(BL)3 154.8 

5 (TL)3-(BL)3-(ML)3 149.7 

6 (TL)3-(ML)3-(BL)3 152.3 

Numerical results and the mode shapes for the critical buckling 
load depending on first mode using the optimum levels of the 
layers are presented in Figure 4 and it can be seen from  
Figure 4 that the most affected layers are the middle layers. 

 

 

Table 7: Numerical and predicted results. 

Layers with optimum 
levels 

ANSYS Result 
(N) 

Predicted Results 
(N) 

Predicted Confidence Intervals at 95% Confidence 
Level 

 

BL3-ML3-TL3 152266.00 152192.22 
151984.03 < µ𝐹𝑐𝑟

< 152400.41 for CICA 

152054.52 < µ𝐹𝑐𝑟
< 152329.92 for CIPOP 
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Configuration 1 
 

Configuration 2 
 

Configuration 3 

 
Configuration 4 

 
Configuration 5 

 
Configuration 6 

Figure 4: Numerical results and the first mode shapes for beam configurations with optimum layers. 
 

5 Conclusions 

In the study, the mechanical buckling behavior of the axially 
layered FG beams designed using different volume fractions of 
ceramic and metal materials was analyzed based on the finite 
element software ANSYS V13 Parametric Design Language 
(Mechanical APDL) under clamped-clamped boundary 
conditions. The layer arrangements were conducted depending 
on Taguchi’s L9 orthogonal array and the first mode shapes of 
the axially layered FG beams were illustrated in order to 
determine the most affected layers as visually. Analysis of 
signal-to-noise ratio was used in order to investigate the 
optimum levels of layers. ANOVA was employed in order to 
achieve the importance levels of layers and the percent effects 
of layers on the buckling behavior based on the first mode. The 
various beam configurations were designed using different 
positions of layers with optimum levels and the beam with 
optimal layer arrangements was determined for the highest 
critical buckling load. According to this study, the results 
summarized are: 

1 The critical buckling loads of axially layered FG beams 
increase with increase of percent volume fractions of 
the ceramic materials in layers, 

2 Overall mean for the first mode critical buckling loads 
of axially layered FG beams with clamped-clamped 
boundary conditions is computed to be 147835.89 N 
according to Taguchi’s L9 orthogonal array, 

3 The maximum critical buckling load of axially layered 
FG beams is found using layers with third levels 
according to Taguchi Methodology, 

4 According to ANOVA based on 95% confidence level, 
the layers are control parameters with powerful 
effects for P < 0.05 value. ML with 58.81 % influence 

and BL with 25.22% influence, and TL with 15.96% 
influence are determined to be the major factors 
affecting buckling analyses of the beams respectively, 

5 The highest critical buckling load for the first mode is 
obtained using the axially layered FG beams made 
from middle layers with ceramic-rich according to the 
optimum layers, 

6 Numerical and predicted results corresponding to the 
optimum conditions are found to be 152266.00 N and 
152192.22 N respectively, 

7 The predicted confidence intervals according to 
confirmation analyses and population are computed 
to be 151984.03 < µ𝐹𝑐𝑟

< 152400.41 and 152054.52 

< µ𝐹𝑐𝑟
< 152329.92 respectively, 

8 The maximum critical buckling load for the first mode 
is found to be 154.8 kN using the beam configurations 
with (BL)3-(TL)3-(ML)3 and (ML)3-(TL)3-(BL)3. 
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