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Fibonacci Numbers, Lucas Fibonacci and Lucas quaternions are deeply studied in the literature after its definition
Numbers, Sum Formulas, . . . . ..

Weighted Sum Formulas, Double by Horadam in 1963. Binet formula, generation function, Cassini, Catalan,
Coefficient Fibonacci Numbers Honsberger, and other identities for these sequences studied in different quaternion
Article information algebra types like split quaternion algebra, dual quaternion algebra, etc. Additionally,
EGC?"’S"NO“ESL zzgzzf some of the generalizations for Fibonacci and Lucas quaternions are studied like k-
evisea: Nov 1o, - - - . .

Accepted: Dec 27, 2024 Fibonacci quaternions, k-Lucas quaternions, Horadam quaternions, and ‘more.
Online: Dec 30, 2024 However, despite being researched intensively, the summation formulas or weighted

summation formulas for these sequences are not examined thoroughly. In this study,

after briefly summarizing the literature, we focused on the summation and the weighted

summation formulas for the Fibonacci and the Lucas quaternions. In addition, we

provided generalized weighted summation formulas for the Fibonacci and Lucas

quaternions. Moreover, we calculated generalized weighted summation formulas for

the double coefficient Fibonacci and double coefficient Lucas quaternions which have
doi: 10.29002/asujse.1576933 two Fibonacci and Lucas coefficient in every unit of the quaternion, respectively.

1. Introduction

The quaternion algebra has a well-known history of discovery. In 1844, W. R. Hamilton engraved the idea to the Broom
bridge in Dublin, Ireland. The definition of quaternions is the starting point of many different types of algebras, like split
quaternions, octonions or sedenions.

Apart from the quaternion algebra’s role in pure mathematics and physics, it has an indisputable place in three-
dimensional rotations and computational geometry and graphics [1,2]. In [1], authors searched the literature about the
applications of quaternion algebra and geometric algebra between 1995 and 2020. Besides, in [2], authors provide a
literature review about image processing methods with color using quaternions.

We only provide basic definitions for the quaternion algebra as a reminder. Throughout the study we use real quaternion
algebra which has real numbers as a coefficient. A quaternion g is defined as

q = qo tiq; +jqz +kqsz
where the q,, 91, 92, and g are the real numbers.

Addition of the quaternions is component-wise and multiplication operation of two quaternions can be made employing
the Table 1.

Table 1. The multiplication table of quaternion units

* i j k
i -1 k —j
j -k -1 i

k j —i -1

As it can be seen from the table quaternion algebra is a non-commutative but associative four-dimensional algebra.

The norm form for the quaternion algebra is defined as follows.
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N(@=q+ai+aqi+q3
In addition, it can be observed that the quaternions have non-degenerate or non-singular norm form.

Another aspect of the quaternion algebra worth mentioning is its matrix representation. In [3], it is stated that quaternion
matrix representation has advantage over usage of orthogonal matrices. To provide more insight, the rotations with
orthogonal matrices require 9 slots for storage, but the quaternion matrix representation needs only 4. Additionally, for
composition of rotations, the orthogonal matrices require 27 multiplications and 18 additions, whereas these values are
16 and 12, if one uses quaternion matrix representation. It can be clearly seen that, usage of the quaternion matrix
representation leads to less memory consumption and has fewer operations in comparison to the orthogonal matrices.

The mentioned rotation matrix using quaternions is given below. A rotation in R3 can be made by following matrix M
with ¢ = qo +iq; +jq, + kq; and N(q) = 1.

aG+ai — a3 — a5 —2q093 +2q:9; 29092 + 24143
M= 2q0q3+2q:9, a§+a5—q7—a5 2443 — 2901
24193 — 2409, 2qoqs + 29,95 95+ 45 —qf — 45

It is obvious that the M is orthogonal, with det(M) = 1.

In the following section, we state the Fibonacci and Lucas quaternions, after giving necessary identities we present our
main theorems. In the last section, we summarize the work and provide future study ideas.

2. Summation Formulas for Fibonacci and Lucas Quaternions

The Fibonacci sequence has initial values f, = 0 and f; = 1. The recurrence relation for the sequence is

frrz = for1 t fu 1)
The Lucas sequence has initial values [, = 2 and [, = 1. Having the same form of the recurrence relation with Fibonacci
sequence, the Lucas sequence usually studied with the Fibonacci sequence.

The First definition of Fibonacci quaternion was made in 1963 by A. F. Horadam [4]. After that, in [5] the author provided
many identities for the sequence. In 2012, the author gave Binet and generating function for Fibonacci numbers with other
identities [6]. Some papers include summation formulas for Fibonacci and Lucas quaternions or for their generalizations,
see [7-9]. Other studies needed to be mentioned can be given as [10-18].

Sum and weighted sum formulas for Fibonacci and Lucas numbers have applications to graph theory. For more
information see, [19,20].

Before giving sum formulas for Fibonacci and Lucas quaternions we restate the definitions of them. A quaternion with
Fibonacci coefficients is defined as follows.

Qn = fa + ifns1 +ifnsz + Kfnas 2

The recurrence relation is

Qniz = Qnt1 + 0Qn
where Qp =i+j+k2andQ; =1+i+j2+k3.

The Lucas quaternion and its initial values are defined as follows
QLy =y +ilpyy +jlpgg + klnys 3)

QLo =2+i+j3+kdand QL, =1 +i3 +j4 + k7.

In order to employ and check the compatibility of formulas, we want to mention several identities from the references,
[6,21].
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n
D fi= =1,
i=1

n
li =l — 3,
i=1

n

D ifi=nfara = fars 42,

i=1

n

D il = nlyy = s + 4,

i=1

D =i+ Dfi = fuyy—n =3,
i=1

n

Z(n— i+l =1,44—3n—-7,
i=1

n

Z ifiz =Nfpfne1 — fnz +vy

i=1
where y = 1 ifnisodd, else y = 0.

n

z (2 =nl . —2+v

i=1

where v = —1 if nis odd, else v = 4.

Qi = Qniz — Q2

DM ipgs

Il
Juy

Q2i = Qn41 — Q1)

l

n
Z Qz2i—1 = Q2 — Qo,
i=1
In the following theorem, we provide summation formulas for Lucas quaternions.

Theorem 1. For Lucas quaternions following equations hold true.

D 0L = QLyi, - QL @

1

L

QLy; = QLlyps1 — QLy, (5)

-

I
=

4

D Qs = QLan — QLo ©)

1

Proof. We only prove the Equation (5) for brevity. Using induction, forn = 1
QL = QL3 — QL

is true. Now assume it is true for an arbitrary positive integer k. Then
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k
> QLo = QLis = QL.
i=1

Adding QL. to the both sides leads to
k+1

D 0Lot = QLsz + Qlass = 0Ly = Qlagss — Oly.
i=1

In the next theorem, we present a weighted sum formula for the Fibonacci quaternions.

Theorem 2. For positive integer n, the following equations hold true.

n

D 10 = nQnsz = Quis + 05 W

i=1

D =i+ 10 = Qus =10 — Q. ®)

i=1

Proof. The proof of the Equation (7) is as follows. For n = 1,

Q1 =03 — 04+ 0
is true. For induction, assuming the equation is valid for arbitrary positive integer k

k

D10 = kQurz = Qurs + 0

i=1
Adding necessary component (k + 1)Q;...,to the both sides gives us

k+1

> 100 = (k + DQuiy + kQusz = Qurs + Q5 = (K + Dirs = Qs + 0.

i=1
The other equation can be proven similarly.

The Lucas counterparts of the Theorem 2 are given below.

n

QL = nQLusz = QLnss +QLs, ©
i=1
D =i+ 1L = QLuss =1L, — QLs, (10)
i=1

In the following theorem, we present generalized weighted and generalized reversed weighted sum formulas for Fibonacci
quaternions.

Theorem 3. For Fibonacci quaternions, the following generalized weighted and generalized reversed weighted sum
formulas hold true.

Z[a + (@ —Dd]Q; = [a+ (n— 1Dd]Qusz — dQn4z + (d — @)Q; + dQs, (11)
D la+ (= DdQ; = aQus +dQnys — (@ -+ nd)Q; (12)

Proof. In order to prove the theorem, we start with the Equation (11).

y [a+ (@ —1d]Q; = azn:Qi‘Fdzn:iQi —dzn:Qi-
=1 i=1 i=1 i=1

Using Equation (2) and Equation (7) in the summation formula above, we obtain the desired result. For Equation (12),
we use the fact that

i
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n

Dla+ (= DAIQ: + ) [a+ (= DdIQ; =
i=1

i=1

n

2+ (= 1d] ) @ = [2a + (= D) (@nsz — @)

i=1

The Equation (12), can be calculated from

Z[a+(n—1)d [2a+(n—1)d]ZQL Z [a + (i — 1)d]Q;.

i=1

After computing equations, we obtain the following result.

[a + (Tl - l)d]Ql = aQn+2 + dQn+3 - (a + nd)QZ - dQS

-

1l
[y

L

In the Equation (11), choosing a = d = 1 reveals the Equation (7). In addition, for a = d = 1, the Equation (12) is equal
to the Equation (8).

For the Lucas counterpart of these equations, similar steps can be taken and the following equations can be obtained.

Z a+(i—1)dQL; = [a+ (n = 1)d]QLysy — dLyys + (d — @)QL, + dQLs, (13)
i=1
Yla+ (= DdI0L = aQLy,, + dQLyys — (@ + nd)QL, — dQLs, (14)
i=1

To check compatibility with earlier results, one can take a and d to be 1 in Equation (13) and Equation (14) which leads
to the Equation (9) and Equation (10), respectively.

For the following theorems, we use the following double coefficient quaternion notation.

Q(n,m) = fnfm + ifn+1fm+1 + jfn+2fm+2 + kfn+3fm+3- (15)
Employing the notation above, we state the following theorem.

Theorem 4. For positive integer n, the following equations hold true.

n
Z Qi = Qmn+n — 4 (16)

where A = (i +j2 + k6).
n

Z Qi =nQmn+1) — Qmm)y + T 17)

i=1

1+j2+Kk3, ifnisodd

where I' = {i +j + k4, otherwise’

Proof. The proof of the Equation (16) and Equation (17) can be made by Binet formula of Fibonacci quaternions or by
using identities. But for the length of the paper, we employ the induction method.

Q(n,n) = fnfn + ifn+1fn+1 + jfn+2fn+2 + kfn+3fn+3-
First, we check the case n = 1
Q(1,1) = Q(1,2) — A

Second, we assume the Equation (16) is true for n = k and add Q41 x+1) t0 the equation.

k
Z Qi + Quesrk+n) = Queses) — A+ Quesvie+1)-

i=1
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Finally, using the equality, fifis1 + fis1fis1 = fia1fis2, QiVes us the desired result.

The Lucas counterparts of the Theorem 4 are given below.

n

> 0Ly = QLounin — B (18)
i=1
where B = —(2 + i3 + {12 + k28).
n
> 1L = nQLunsn) = Qliumy + N (19)

i=1

—1+1i6+j4+ k21, if nisodd

where N = { 4 +il +j9 + k16, otherwise’

The generalized form of the Theorem 4 is given in the following theorem.

Theorem 5. For double coefficient Fibonacci quaternions, weighted and reversed weighted sum formulas are given,
respectively.

D la+ (= DdlQuy = [a+ (2 = DdlQuunsn) — dQumy + (d =~ )4 +dT 20)

i=1
where A = (i +j2 + k6).
n

Z[a + (n = Dd]Qi = aQmn+1) + dQmn) — (@ + nd)A —drI (21)

i=1

1+4+j2+Kk3, ifnisodd

where I' = { i +j+Kk4, otherwise’

Proof. To prove the theorem, firstly, we use properties of sum and earlier results.

n n n n
[a+ (@ —1DdlQuy = az Qen + dz Qe — dz Qi) »
=1 i=1 i=1 i=1

LHS = a(Q(n,n+1) - A) + d(nQ(n,n+1) - Q(n,n) + r) - d(Q(n,n+1) - A)'
LHS = [a + (Tl - 1)d]Q(n,n+1) - dQ(an) + (d - a)A + ar
which proves the Equation (20). Secondly, to calculate Equation (21), we use the following
n n
[a+ (i —1Dd]Qguy + Z[a + (n —1d]Qu
=1 i=1

l

= [2a+ (= 1Dd] ) Qup = [2a + (1 = DdlQuunsry — 4

i=1

Finally, employing the equation above, we can compute the Equation (21).

NgE

[a+ (@ —1Dd]Quy

i=1

Dla+ (- DdlQqy = 2a+ (- 1Dd] Y Qup -

n
Z[a + (= )d]Qu) = aQmn+1) + AQmny — (@ + nd)A —dr.

=1
Note that, in the Equation (20) choosing a = d = 1 gives the Equation (17).

The double coefficient Lucas counter-part of generalized weighted sum and generalized reversed weighted sum formulas
are given below.
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n
Z a+ (i — DdlQLyy = [a+ (1 — Dd]QLgnsr) — dQLenny + (d — a)B + dN, (22)
i=1
n
Z[a + (Tl - l.)d]QL(i‘i) = aQL(n'n_H) + dQL(n‘n) - (a + Tld)B —dN (23)
i=1

where B and N is from Equations (18) and Equation (19), respectively. In addition, choosing a = 1 and d = 1 in Equation
(22) gives the Equation (19) which shows the compatibility of the result.

3.Conclusion
As a result, we focused on Fibonacci and Lucas quaternions which are researched extensively in the literature. However

the summation formulas, especially weighted summation formulas, are not studied. We provided numerous summation
formulas for both Fibonacci and Lucas quaternions. Moreover, we presented generalized weighted and generalized
reversed weighted sum formulas which are compatible with other summation results. In the future studies, summation
and weighted summation formulas for different sequences can be studied.
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