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f;j'jttfor:fsegggﬁﬁ;eﬁu Numerlcal Worldwide, cancer is the second most common cause of death. Chemotherapy is a
simulation, Fractional order widely used strategy to tumor treatment that is particularly effective in controlling the
derivative growth of cancerous tumors and their size. We created a fractional-order mathematical
Avrticle information model that illustrates tumor growth in the presence of chemotherapy to obtain a more
ﬁz\c/fs"e’gdszm‘iflz ;2053 profound comprehension of the complexities of chemotherapy mechanisms. This all-
Accepted: Npov 0L, 2024 inclusive paradigm addresses both the impacts of medication therapy and the immune
Online: Dec 05, 2024 system's reaction. We demonstrated the positivity and boundedness of the solutions by

looking at their existence and uniqueness in order to demonstrate the biological
significance of the system. Our approach involves identifying equilibrium points and
investigating stability requirements within a range of model parameters in order to
characterize the dynamic features of this differential equation model. Additionally, we
ran numerical simulations with various parameter values.

To illustrate the memory effect of the fractional derivative, we also simulated the
system’'s dynamic behavior for various orders of fractional derivatives. To put it
another way, we came to the conclusion that the chemotherapeutic treatment is quite
effective on populations and that the memory effect happens when 3, decreases from
1. The purpose of this research is to assist physicians in adopting the appropriate safety

doi: 10.29002/asujse.1384833 measures when diagnosing and treating cancer.

Kemoterapi Tla¢ Etkisi Dahil Timor-Bagisikhik Sistemi Mliskisinin Kesirli Mertebeden

Matematiksel Modellenmesi ve Kararhilik Analizi
Anahtar Kelimeler Ozet

Varlik-teklik, Sayisal ¢oziimler, Kanser diinya ¢apinda ikinci en sik 6liim nedenidir. Kemoterapi, 6zellikle kanserli

ﬁ:g?:lli'llﬁé::ge‘fsnsgﬁglvasyon' timérlerin bilyiimesinin ve boyutlarinin kontrol edilmesinde etkili olan, timor
tedavisinde yaygin olarak kullanilan bir stratejidir. Kemoterapi mekanizmalarinin
karmagikliginin daha derinlemesine anlasilmasini saglamak i¢in kemoterapi varliginda
timor biiylimesini gosteren kesirli dereceli bir matematiksel model olusturduk. Bu her
seyi kapsayan paradigma, hem ilag tedavisinin etkilerini hem de bagisiklik sisteminin
tepkisini ele alir. Sistemin biyolojik 6nemini ortaya koymak igin ¢6ziimlerin varligina
ve tekligine bakarak ¢o6ziimlerin pozitifligini ve smrlihigmi ortaya koyduk.
Yaklasimimiz, bu diferansiyel denklem modelinin dinamik &zelliklerini karakterize
etmek i¢in denge noktalarinin belirlenmesini ve bir dizi model parametresi dahilinde
stabilite gereksinimlerinin aragtirllmasini igerir. Ek olarak ¢esitli parametre
degerleriyle sayisal simiilasyonlar yiirtittiik.
Kesirli tiirevin hafiza etkisini gdstermek i¢in, ayrica kesirli tiirevlerin ¢esitli dereceleri
i¢in sistemin dinamik davranigini da simiile ettik. Bagka bir deyisle, kemoterapotik
tedavinin popiilasyonlar {izerinde oldukg¢a etkili oldugu ve hafiza etkisinin 9, 1'den
diistiigiinde ortaya ¢iktigi sonucuna vardik. Bu aragtirmanin amaci, kanseri tedavi
etmek ve teshis koyarken uygun giivenlik 6nlemlerini alma konusunda hekimlere
yardimci olmaktir.
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1. Introduction

The term "cancer" is broad and encompasses a variety of disorders that might potentially affect any region of the body.
A wide range of illnesses collectively referred to as cancer are defined by unchecked cell division. Unrestricted cell
proliferation in cancer leads to the creation of malignant tumors that can spread to distant sections of the body. One of
the most noticeable characteristics of cancer is the quick development of aberrant cells that multiply uncontrollably and
eventually invade neighboring bodily parts. Subsequently, these cells may disperse to other remote regions of the body.
Itis often acknowledged that cancer is one of the deadliest diseases in the modern world. Despite great efforts, a permanent
treatment for cancer remains unattainable due to its complicated nature, making the battle against cancer challenging. The
prevalence of cancer has not decreased despite developments in science and technology. Cancer continues to be a major
contributor to death rates worldwide. Ten million individuals lost their lives to cancer in 2020. Over the next 20 years,
the World Health Organization (WHO) projects a startling 70% increase in new cancer cases (World Health Organization,
2015). According to the WHO, minimizing the disease's risk factors can prevent 30% to 50% of cancer cases.
Furthermore, early detection, proper care, and therapy can stop cancer from spreading. The likelihood of recovering from
different forms of cancer is greatly increased by early detection and effective therapy. Numerous researchers have
investigated the interactions between the immune system, particularly effector cells, tumor cells. The field of evolutionary
biology and ecology offers new perspectives that can greatly increase our understanding of clinical behavior. Controlling
the progression of tumors requires attention, underlining the extraordinary importance of cancer research [1-5].
Mathematical modeling serves as a valuable tool for understanding interactions between various components in the tumor
microenvironment. Mathematical modeling has been used to explain the relationship between these components, as seen
in references [6-9]. One of the most common types of treatments used to treat cancer is chemotherapy. Chemotherapy
frequently has a significant impact on halting the spread of cancer. There are many mathematical models that include the
effect of chemotherapy on the relationship between the immune system and tumor cells. For example, In [10], Ozkése et
al. They examined the relationship between cancer and effector cells, taking into account the effect of chemotherapy
drugs, and made predictions about the future behavior of the cancer. In this article, the use of stem cells in cancer treatment
together with chemotherapy. is demonstrated mathematically. In our study, we considered immune cells instead of
effector cells. Immune cells instead of effector cells were taken into account in the parameters. In [11] the authors aimed
to identify areas of most significant variation in the cellular population within the tumor. Taking into account the entire
range of values, they obtained parameters characterizing the effectiveness of the disruptive drug based on the proposed
treatment approach. In [12], Song et.al. They developed a mathematical model to mimic tumor growth in the context of
chemotherapy in order to gain a better grasp of the mechanisms underlying treatment. Our system's dimensional
consistency is guaranteed since the measurement units on the right and left sides of the equations are consistent. This has
been achieved by changing the parameters in the equations on the right-hand side, for example by increasing them to 3.

In our study, unlike the studies in the literature, we specifically focused on the effect of chemotherapy drug concentration
on the destruction of tumor cells. Thus, medical scientists adjust the dose of chemotherapy drug accordingly and plan the
treatment accordingly.

Motivated by the aforementioned research, we created a mathematical model in this work that uses fractional derivatives
in Caputo to investigate the relationship between immune cells, tumor cells and chemotherapy drugs. It is more
advantageous to use mathematical modeling that includes Caputo fractional order derivatives. Because there is a memory
effect in mathematical modeling that includes fractional order derivatives, and it is easier and takes less time for the
system to reach stability than mathematical modeling that includes integer order derivatives. There are multiple definitions
for fractional order derivatives. It is common to apply both the the Riemann-Liouville and the Caputo definitions. The
Caputo derivative has been applied to enhance comprehension of the characteristics of the physical state and expand its
relevance to practical problems, as it alone necessitates initial conditions given by the integer order derivative. For a
problem to be interpreted physically, the derivative of the constant must be equal to zero. For this reason, it is more
appropriate to use the Caputo fractional derivative to physically interpret the initial conditions. Additionally, the Laplace
transform of the Caputo derivative requires physically interpretable initial conditions. These features have made the
Caputo derivative more preferred in practice. We have also seen how important chemotherapy drugs are in the fight
against cancer. Thus, by carrying out an insightful and guiding study for scientists dealing with medicine and biology, the
importance of mathematical modeling containing fractional order derivatives in the treatment of cancer diseases has been
emphasized.
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2. Preliminaries

To help you understand this content, we have included some introductory explanations of fractional calculus in this section
[15].
Definition 1. Order 9 fractional integral is represented by
t( )19 1
t—s)v"
9 —
0

where t >0, 9 > 0, the fractional derivative is defined by

d
DYf(t) = I""°D"f(t) (D = —dt>,
where 9 € (n—1,n), t > 0, I isthe Gamma function.

Definition 2.

t

1 (d/ dt)nf Q)
{ r'n—9) (t — )+’

0

0<n—-1<9<n, n=[9],n €N,

DY f() = @)

| /d\"
| (E) £, 9=nnen.

provides an explanation of the Caputo fractional derivative of f: (0, ) — R, of order 9 > 0.

Definition 3. The function f(t) of order 9 > 0 's Laplace transform (LT) of the Caputo operator is explained by
L[SDZF(0)] = sPF(s) — 3020 f7(0)s° £7(0). @

Definition 4. The definition of the gamma function is Re(z) > 0 utilizing the integral
r = J e tt? 1 4dt.
0

Among the basic properties of the gamma function is
I'(z+1) =2zl (2),
r'n+1)=n!
for z € C,n € N,. The gamma function has singular poles at z = —n(n = 0,1,2, ...).
Definition 5. The Laplace transform (LT) of the function f(t) = t%171E, o (£wt?) is described as

5901 (3)
s9+w

L[ Eg 5, (2we”)] =
where E 4, is Mittag-Leffler function.

Theorem 1 [15,16]. Examine the fractional order scheme that follows:

a’x
dt?
with X € R™ and 9 € (0,1]. The system's (4) equilibrium points are the equation's solutions f(X*) = 0, and these

equilibrium points:
(1) Asymptotically stable & all the eigenvalues A;,i =1,2,..,n of the Jacobian matrix J(X*) satisfy that
larg(2,)] > 2.

(2) Stable < it is asymptotically stable or the eigenvalues 4;,i = 1,2, ...,n of J(X*) that satisfy |arg(1;)| = ’97” if
have the same geometric multiplicity and algebraic multiplicity.

(3) Unstable & eigenvalues 4; for some i = 1,2, ...,n of J(X™) satisfy |arg(4;)| < 197”.
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3. Mathematical Modelling

It is possible to forecast how cancer cells will grow and spread as well as how chemotherapy medications will affect these
cells using mathematical models. Many diseases can be treated and their ability to spread inhibited by mathematical
models. Our goal is to use these mathematical models to track the disease's progress while also advancing science by
watching how the disease affects individuals. Many individuals die from cancer, a disease that has become more common
over time. We take into consideration three subclasses: immune system cells, tumor cells, and chemotherapy drugs in
order to analyze the impact of these drugs and the spread of cancer cells on these cells. Tumor cell T, immune system cell
I, chemotherapy medication D , and population as a whole are denoted. The following is the suggested fractional order
model:

T
DT (t) = 5,°T (1 - k—) —-0,°TI — d,°T — 6,°DT,
1

D?I(t) = 5,71 (1 - ki> —0,°DI(t) — d,°1(b), (5)

D?D(t) = —y°D + VO (¢).
with initial settings T(0) =T, = 0,1(0) =1, = 0,D(0) = D, = 0.

Table 1 provides a summary of the parameter descriptions. To make sure they comply with the model's features (5), these
values are extracted from [10,19]. It is important to note that we take all parameters to be non-negative [10, 19].

This section may be divided into subheadings. It should provide a concise and precise description of the experimental
results, their interpretation, as well as the experimental conclusions that can be drawn.

Table 1. The biological significance of the numerical quantities and parameters

Parameters Meaning Value Unit Source
To Density of free tumors 1 mm? /cells [10]
I, Immunity cells initial concentration 1 mm?3 /cells [10]
Dy Chemotherapy Concentration Drug 1 mm? /cells [10]
y Decay rate of chemotherapy drug 6.4 (1/day) [10]
d, The natural death rate of Immune system cells | 0.07 [19] [19]
S1 Logistic growth rate of Tumor cells (1/day) [10]
0.18
ky The carrying capacity of tumor cells 10 (1/cells) [19]
0, The rate of tumor cell death brought on by | 0.9 (1/day) [10]

immune system cell attack

dy Natural death rate of Tumor cells 0.03 (1/day) [10]
6, Fractional tumor cells killed by chemotherapy | 0.9 (1/cells) [10]
04 Decay rate of immune system cells killed by | 0.9 (1/cells) [10]
chemotherapy
V(t) Chemotherapy drug inflow and outflow with | 1 (1/day) [10]
time dependence
S, Logistic growth rate of immune System Cells | 0.4 (cells/day) [19]
k, The Carrying capacity of immune system 20 (1/cells) [19]
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4. Existence and Uniqueness

Now let's evaluate system (5) with its original configuration T(0) = T,, 1(0) = 1,, D(0) = D,. For the system (5), the
formula is:

DOX(t) = By X(t) + T(t)B,X(t) + I(t)B:X(t) + V,

where
T(t) T(0)
X@) =\ 1) |, X(0) ={ 1(0) |,
D(®) D(0)
5.7 —d,’ 0 0 —2 g% g, 0 00 0
Blz 0 Szﬂ—dzﬂ 0 'BZZ 01 0 0 !BSZ 0 _;_2 O!V:<190 )
0 o -’ 0 0 0 0 0 0 0

Definition 7 [15]. Let C*[0,t*] be the class of continuous column X (t) whose components T,1,D € C*[0,7*] are the
class of continuous functions on the interval [0, 7*]. The norm of X € C*[0,7*] is given by

Xl = sgple"“T(t)I + sgple"‘”l(t)l + sgple‘”fD(t)l,
where N is a natural number and when t > § = m, we write C3[0,7*] and C5[0,7"].
Definition 8 [15]. X € C*[0,7*] is a solution of IVP (6) if
(1) (X)) €eD,t€[0,v"]where D =[0,7"] X K,K = {(T,1,D) € R}:|T| < p,|I| <7,|D| < w},
p,r,w € R, are constants.
(2) X(t) satisfies (6).
Theorem 2. The unique solution for the IVP (6) is X € C*[0,7"].

Proof. The equation in (6) can be stated as follows due to the inherent characteristics of the fractional calculus:

v %X(t) =B, X(t) + T(t)B,X(t) + I(t)B:X(t) + V.
Operating by I? we achieve
X(t) = X(0) + I?(B,X(t) + T(t)B,X(t) + I(t)B:X(t) + V). 7
Letusnow F:C*[0,7*] —» C*[0,7*] described by
FX(t) = X(0) + I? (B, X(t) + T(t)B,X(t) + I(t)B; X (t) + V). (8)
Then

e MIFX = FY |l = e ™M1 (By(X () — Y(8) + T(O)B, (X (£) = Y (1)) + 1(©)B5 (X(8) — Y(1))),

Lot N9-1,-N(t-s) _ -N
< |r(19) fo (t—s)""le s (X(s) Y(s))e Sds| (B, + pB, + rB3),

1

< (B, +pB, +7B) |

t
[Lay?te®|1x - v,

(B, + pB, + rB3) |—V°9"V t)
<

re)
N?Y

X -l

where y(9, Nt) is the lower incomplete gamma function andu =t —s. Since N is an arbitrary, we accept that

N? > B, + pB, + B3, then we get ||[FX — FY|| < |IX — Y||. In (8), operator F has a fixed point. Therefore, (7) has a
special solution. X € C*[0,7*].

In (7), we have
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r@®+1)
+I7F1(B X' (£) + T'(6)B,X (1) + T(6)B,X'(t) + I' () BsX (£) + I(t) B3 X' (¢)).

X() =X(0)+ (B1X(0) + T(0)B,X(0) + 1(0)B;X(0))

e NEX'(t) = e Nt % (B,X(0) + S(0)B,X(0) + I(0)B5X(0) + V)

+I7(BX'(£) + T'() B, X(t) + T()B,X'(t) + I'(t) B3 X (£) + () B3 X' (1)).

The assumption X' € C5[0, t*]. From (7) we have

dxX(t) d
T El”’ (B X(t) + T(t)B,X(t) + I(t)B3X(t) + V).
Operating by 1'=? we get
ax(t d
e di ) =9 all’ (B X(t) + T(t)B,X(t) + I(t)B:X(t) + V).

DYX(t) = (BiX(t) + T(t)B,X(t) + I(t)B:X(t) + V),
and
X(0) = Xy + IP(B1X(t) + T()B,X(t) + I(t)B3X(t) + V).
Consequently, Equation (7) and IVP (6) are equal.
5. Equilibria and Their Stabilities

The following formula can be used to find the equilibrium positions in system (5):

T
DPT(t) = 5,°T (1 - k—) —0,°TI — d,°T — 6,°DT = 0,

DI(t) = 5,71 (1 - ki> —6,"DI(t) — d,°1(t) = 0, ©)

DD(t) = —y?D + V?(t)=0.
Then the equilibrium points are:
E; = (0,0,V9y7?),
E, = (0,y Pkys3 P (—yPds +y0s) —v?65),v0y7?),
Es = (y Phkust?(—y?df +vPs? —v?67),0,v%y7?),

Ey = (v PkysiPsy P (—yPdYsy +vPsysy +yPdik,07 —yPk,s3607 —VOsi63
+V0k,0705),y P kyss O (—vPdY +yPsy —vPey), viy?).

Theorem 3. Let E; be the model (5) equilibrium points. Pretend that
5,9 — d119 < 6,°voy~?
and
s,? —d,” < 0,°vIy~?
then E; is locally asymptotically stable.

Proof. Model (5)'s Jacobian matrix, as determined at equilibrium point E;, is provided by

5119 - dlﬁ - 9219‘/19]/_19 0 0
](EI) = O 5219 - dz.a - 9319V19y_19 0 ’
0 0 —y?
the characteristic equation
IJ(Ey) —All =0

states that,
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eigenvalues of J(E,) are:

A= -,
Ay =5"— d10 - 9219‘”9]/—19,
Ay = 5,7 —d,® — 0, v0y0.
2 <0, largA)| =7 > 2, i =123
The equilibrium point is E;, which is locally asymptotically stable according to Theorem 1.
Theorem 4. The equilibrium point E, of the model (5) is asymptotically stable if
519 —dy? < 0,°(y Physy P (—y?dy +y0sy —v269) + 6,°vIy?)
and
;0 —dy” < 2y7s70 (—y?dy +y0sy —v?69) + 655V 0y Y.
Proof. Model (5)'s Jacobian matrix, as determined at equilibrium point E, , is provided by
a;; O 0
J(E2) = ( 0 ap a23>,
0 0 -y
a;,; =s,° —d,’ - 0,” (v Pkys30 (—yPdd +y9s —v?63) — 6,°vIy?),
Ay =5, —d,” - 2y 0577 (—y?df +vs§ —v?09) — 0,°vIy,
Ay = =05y Pkys; 0 (—yPdY +y0sy —v?067).
The characteristic equation |J(E,) — AI| = 0 states that
(—y19 — )L)[(sl19 — d119 — 61‘9()/'19k252_‘5'(—)/19d‘29 + )/19559 — V199§9) — 92‘9V19y'19) — )L)(sz19 — d2'9
=2y 70s;?(=y?ay +y%sy —v90%) — 0,V 0 —2)] =0,
we get
A = —)/'9,
A =s5"—d"° - 19119()/“9k252'19(—y’s'dé9 +y9sy —v909) - 9219V‘9y“9),
A3 =50 —dy? =2y 70530 (—yPdy +yPsy —v96Y) — 0,7V Oy 0.
4 <0, largA)| = > 2 i = 1,23,
The equilibrium pointis E, , which is locally asymptotically stable according to Theorem 1.
Theorem 5. The equilibrium point E; of the model (5) is asymptotically stable if
5,9 —d,? <2y (=y%d} +yOs? —v?69) + 6,°vIy~?
and
5,7 —d,” < 6,vIy?,
Proof. Model (5)'s Jacobian matrix, as determined at equilibrium point E5 , is provided by
a1 ap Qq3
J(E3) =< 0 ap 0 )
0 0 -y
ay; = 5.2 —d;® =2y (=y?d{ +y?s? —v?69) — 6,°VOy 7,
a, = —91)/‘19k151_‘9(—)/19d’19 + yﬂsf — V@g),

a3 = _ezy_ﬁklsfﬁ(_yﬁdf +y?sP - V9§9),
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ay2 = 837 — dz19 - 9319V19)/_19-
The characteristic equation
[J(E3) —AIl =0
states that,
(=v? = D|(s:? —dy? + 2d? — 257 + 2y~0v705 — 0,°vOy =0 — A)(s,” —d,” — 6,°VOy 0 =) =0,
we get
Al = _]/19'
Ay = 5119 - d119 - zy_ﬂ(_yﬁdf + Vﬁsf - Vﬁgég) - 9219V19V_19,
2,3 = 5219 - d219 - 9319V19'y_19.
A <0, larg(A)] = > ’92—”,1' =123.
The equilibrium pointis E5 , which is locally asymptotically stable according to Theorem 1.
Theorem 6. The co-existence equilibrium point E, of the model (5) is asymptotically stable if
519 —d,? <2y 70579 (—y?dlsy +yOsPsy +yPd3k, 07 — vPkysy 07 —VOsY0Y + VOk,0767)
+6,°y Pkys30(—y?dy +yPsy —voeY) + 6Jviy?
and
s, —d,’ < 2y (—y?dy +y?sf —voey)edviyo.
Proof. Model (5)'s Jacobian matrix, as determined at co-existence equilibrium point E, , is provided by
a1 Q12 Qg3
J(Ey) = ( 0 ax a23>,
0 0 -y
a;; = 5,7 — dlﬂ — 2)/'1952_‘5'(—)/19d}9559 +y9s?s? +y?dSk,07 — yPk,s507 —vIs?0Y + V‘9k20{99§9)
=6,y kosy ' (—y7d + sy —V°6%) — 05VPy
a1z = =01y PkysPsy 0 (—yPdisy +yPsPsy +yPdTk, 00 — yPkysP 67 —VOsP07 +V7Ok,6767),
13 = =02y kysi sy (—yPdYsy +ysTsy +yPdTk,07 — vOkysy 07 —VUs)67 +VOk,6067),
az = s,° —d,’ < 2y~ (—y?dd +y7sy —v963)03v7Iy Y,
ay3 = 05"y kys3 0 (—y0dy +y0sy —v06Y).
The characteristic equation
[J(E) —AIl =0
states that,
(=" = D[((s:? = a,” + 24 — 257 — 257°dF k, 07 — 2k,6¢
— 2y V009 2y 0550V 0k, 0002 46, kys70dY — 6,7k, + 6,7y ks VO 07
A /1) (27 —dy® + (2d3 — 253 + 2y ~°v?63)03 vOy =0 — ,1)] =0,
we get
Al = _yﬁ'
Ay, = (5119 — dl19 — Zy'ﬁs;ﬁ(—yﬂdfsf’ +y9sPs? +y?d3k,07 — yPk,s707 —vIsYay + Vﬁkzefefj
- 9119}’_19]‘252_19(_)/19‘159 + Vﬁsﬁ" - Vﬁ@?) - 959]/19],—19)'
Az = 5219 — dz’g — 2)/‘19(—)/19(159 + )/19559 — V199§9)9§9 Vﬁy‘f’.

A; <0, largA)| =7 > i—n,i =1,2,3.
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The co-existence equilibrium point is E, , which is locally asymptotically stable according to Theorem 1.

h 4 X

NN N2
IS 2N

(A) Unstable Node (B) Stable Node (C) Saddle Point
(ﬂ'l > 0, 2.2 > O) (/11 < O, /12 < 0) (/11 > 0,}.2 < 0)
x *;
.2 x2
N S @
&= x, 1
(D) Unstable Spiral (E) Stable Spiral (F) Center
M =a+if,a>0) M =a+if,a<0) 1 =1ip)

Figure 1. Phase Portrait for System (5)

Since A; < 0,i = 1,2,3, it has a stable node graph; see Fig.1(B).

6.Positivity and Boundedness

Lemma 1 (Generalized Mean Value Theorem). Assume that w(t) € C[a,b]land $DPw(t) € Cla,b]for0 <9 <
1, then

w(e) = w(a) + %snfwm(t — oy,

where 0 <t <t, Vt € (a,b].
Remark 1. If w € C[0,b] and §D?(w(t)) = 0, V¢ € (0, b], then the function w(¢) is non-increasing for all ¢ € [0, b].
Theorem 5. The solution of model (5) along with initial settings is bounded in R3.
Proof. Noting that R3 is positivity invariant, the non negative region.
From system (5), we get
DT (t)p—o =00,
DPI(t);.o =0=0, (10)
D?D(t)p=o = VI(t) = 0.
If (7(0),1(0), D(0)) € R, The solution of model (5) is therefore unable to escape the hyperplanes T = 0,1 = 0,
D = 0 in accordance with system (10) and Remark 1. This means that the region R2 is a collection of positive invariants.

Theorem 6.

For the system (5), the region P = {T(¢),1(t), D(t) € R}, 0 < T(t) + I(t) + D(t) < VO (¢)C} is an invariant set that
is positive.

Proof. From model (5) we have

DUN(t) = 5,°T (1 =) = 0,°TI = d, T — 0,°DT + 5,71 (1 = =) = 0,° DI (t) — d;"1(£) =y’ D + V" (£).
1 2
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This gives
DPN(t) <VY(t) + N.
When we use the preceding equation with the Laplace Transform, we have

Vo(t)

SYL(N) <
N) < S

+ L(N),
this further provides,
L(N) < m
(59 -1)

When we use the previous equation N < V9 (£)t%Eg 4,,(t?) with the Laplace Transform.
From Mittag Leffler function definition, we can infer if T, I,, D, € R3, then

N() < V(OEp:1(7),

N(t) < V9(t)C, € > 0.
This suggests that because N (t) is bounded, T(t), I(t) and D(t), are also bounded.
7. Numerical Scheme

We examine the dynamics of the proposed fractional order model (5) using the Caputo fractional operator. The suggested
nonlinear fractional order system is numerically modeled using the Adams type estimator-corrector approach [25-29]. In
relation to the Caputo operator of order 99, the following Cauchy type ODE is considered:

SD2() = p(t, (1)), pP(0) = p§0< 9 <10<t<t, (1)
where b = 0,1,...,n— 1,and n = [9]. Eq. (11) can be turned to the Volterra equation:

n-1 b 1 ¢ 12
DO =Y G (= ) (s B, -

Considering the numerical solutions of the model with the proposed predictor-corrector scheme associated with the Adam-
Bashforth-Moulton algorithm [26], we can take h = T/N,tz =zh,and z =0,1,...,N € ZF, by letting ¢, = ¢(t,), the

accompanying corrector formula [29], which is as follows, can be used to discretize it:

T ., = q_lT(Z’—t‘§+1 N op (1L 0.°T,1, — d,°T, — 6,°D,T,
q+l — 70 0 71 r@+2) Z=0(pz.q+1) S1 1y _k_l — Uy 1zl = Ay 1, =0y Uzly,
9 PF
+h—zq (Parsgnn) (50720 (1 222) = 0,0728, 128, — a,°TF
I +2)Luy—g q+1q+1 1 fq+1 ky 1 fg+1ig+1 1 fg+1
9
~ 6, Dz;flrgfl),

a-1 . tZ., h? q I
I =Z (@2t +—Z ( 9] (1——2)—9’9D1—d’91)
q+1 720 0 71 F(19 + 2) Zzo(pz,q+1) Sy g kz 3 z'z 2 1z

+qu (p ) s 9[PF 1_1551 _919DPF IPF _ g 19'11317
1"(19+2) 720 q+1,q+1 2 ‘q+1 kz 3 Vg+1lg+1 2 1g+1 )

1oy L h? a 9 9
Dgyq = Z Re"— mzzzo(m,qn) (—V D,+V (t))

z=0

h? a
A 9 9
+ r@+2) Zzzo(pqﬂ.qﬂ) (_V D, +V (t)) )

where

PF _ -t (2) t§+1 h? T 9 I 9 9 9
Tq+1 - 70 To 71 +m Zzo(]z,q+1) S1 Tz 1 _k_l - 91 TzIz - dl Tz - 92 Dsz ’

a-1 . tZ h? a I
[PF =§‘ (@ faxt _2 ; ( 9] (1_—Z>—9’901—d*91),
q+1 720 0 71 + 1—'(19 ¥+ 1) Z=0(]z,q+1) Sp 7y k2 3 z'z 2 1z
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PF -t (2) tg+1 h’ L. 9 9
Dq+1 = Z DO Z! + 1—'(19 + 1) ZZZO(JZ,q-Fl) (_y DZ + V (t))!

z=0
and
q"* = (¢ -9)(q + 1), ifz=0,
Prgi1 =3(q—2z+2)°" +(q—2)"" -2(q—z+1)°*, if 1<z<q, (13)
1, if z=q+1,
where

jz,q+1 =(q+1- 2)19 -(q— Z)ﬁ-
8. Numeric Simulation

In this part, the Adams-Bashforth-Moulton Predictor-Corector method [27] is used to derive numerical solutions for
system (5) using the parameters listed in Table 1. Numerical simulations are utilized to investigate the impact of the
modifications. Depending on the system parameters (5) and different values of the fractional derivative of 9, the behavior
of the system is examined. Table 1 gives the parameter values for the numerical simulations.

The fluctuation of cancer cells over time for various fractional derivatives is shown in Figure 2. It is observed that tumor
cells decrease over time and reach stability on approximately the 5th day. In the case of the Caputo fractional derivative,
as 9 decreases from 1, it takes longer for tumor cells to reach stability. Figure 3 shows how immune system cells evolve
over time for various fractional derivatives. It is observed that the immune system cells proliferate rapidly, reaching
stability in approximately the 30th day, and in the integer-ordered state, it takes less time to reach the equilibrium point.
The amount of immune system cells appears to decrease as the fractional derivative decreases from 1 to 0 (not equal to
zero). Figure 4 shows how the chemotherapeutic drug concentration changes over time for various fractional derivatives.
Figure 4 shows that the chemotherapy drug concentration decreases over time and reaches stability after approximately
day 2. Here again, it takes less time for the fractional derivative to reach stability in the integer case.

Moreover, by varying the 9 parameter while keeping other parameters constant, the fluctuation of the concentration of
immune system cells, tumor cells and chemotherapy drug over time has been examined in Figures 5,6,7. The value of 9
is 0.90. Figure 5 shows that as y (the rate of degradation of chemotherapy drug) decreases, the number of tumor cells
increases, reaching stability after approximately day 5. This is a situation we encounter in real life as well. Because the
chemotherapy drug fights cancer. When the concentration of the drug decreases, the number of cancer cells increases. As
shown in Figure 6, as y (the degradation rate of the chemotherapy drug) decreases, there is a corresponding decrease in
immune cells at y =1.4 and y =2.4, and an increase in immune cells at y =4.4 and y =6.4. This is a situation that also
exists biologically. Because if the breakdown rate of the chemotherapy drug decreases, immune cells cannot fight cancer
and decrease. From Figure 7, it is clearly seen that when y (degradation rate of chemotherapy drug) decreases, the
concentration of chemotherapy drug increases. In Figure 8, the effects of the s; parameter (logistic growth rate of tumor
cells) on tumor cells are examined. It is seen that as s; decreases, the number of tumor cells decreases and the tumor cells
reach stability on approximately the 5th day. This is also valid biologically. Because as the logistic growth rate, that is,
the reproduction rate, of tumor cells increases, the proportion of tumor cells also increases.
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9. Discussion and Conclusion

The system of fractional differential equations (5) with Caputo fractional derivative, which represents the Caputo
fractional graded cancer-immune system model, is discussed in this article. It has been determined that, under certain
particular conditions, the equilibrium points of model (5) have been asymptotically stable by examining the local
asymptotic stability of the tumor-free and tumor infection fixed points of the system. The existence and uniqueness of the
model are then looked at. To confirm the theoretical outcomes, numerical simulations are also obtained. For this model,
numerical simulations are provided that account for various fractional orders and parameter values. To look into the
behavior of the system and see what happens when the fractional derivative is changed, shapes have been created for a
range of 9 values. In summary, the fractional model provides a better fit to the experimental data than the integer order
model. The majority of research on biological system modeling has focused on integer-order ordinary differential
equations. The dynamics of diseases have been better understood through the use of mathematical models based on integer
order ordinary differential equations. Fractional-order differential equation models, on the other hand, have greater
benefits than integer-order mathematical models. Unlike integer order models, fractional order models take the memory
effect into account. This specific characteristic would make sense because memory is one of the immune system's core
functions. In terms of both biology and mathematics, the immune system is one of the most intriguing systems. The
majority of immune effectors perform several tasks due to its acknowledged multifunctional and multipathway nature.
Furthermore, the immune system is more resilient since several effectors normally carry out each activity. Because
fractional order differential equations are intrinsically linked to systems that possess memory in tumor-immune
interactions, they are used. These models' non-local characteristics, which are absent from differential operators of integer
order, are their most essential property. We refer to the feature that a model's subsequent stage is dependent upon all of
its previous stages in addition to its current state. Conversely, fractional derivatives are crucial for explaining how memory
affects dynamical systems. The use of fractional order differential equations aids in the reduction of modeling errors
brought on by overlooked parameters. Nonetheless, it has proven possible to effectively use fractional calculus in
conjunction with instantaneous time to accomplish realistic representation of a physical process. It also depends on the
past events' history.

Despite the fact that the fractional derivative has no physical meaning, fractional order models can be supported by
demonstrating that they fit experimental data more closely than integer order models. Drawing on the preceding discourse,
the aim of this research is to examine a fractional-order mathematical framework and substantiate it by demonstrating its

Aksaray J. Sci. Eng. 8:2 (2024) 85-101. 99



Ozkdse, F. et al. (2024). Aksaray University Journal of Science and Engineering. 8(2), 85-101.

superiority over the integer-order model in fitting actual data. Comments on biological science are provided. Memory
trace and hereditary features are taken into consideration to demonstrate the advantages of fractional order modeling.
Based on the analytical results, it has been concluded that the Caputo fractional derivative yields more accurate results
than the integer order derivativeln other words, compared to integer order derivatives, fractional order derivatives stabilize
faster. According to our research, a high drug concentration results in a notable reduction in tumor cell count. Therefore,
the concentration of chemotherapy drugs is important while treating cancer. Examined the outcomes of the simulation
demonstrated how the alteration in ¥ impacted the system's dynamic behavior.

Consequently, it has been shown that there have been considerable variations in the quantity of immune system cells,
tumor cells, and chemotherapy medication concentration. We believe that scholars in the domains of mathematics and
medicine will greatly benefit from this work. We believe that this multidisciplinary work will pave the way for more
research along these lines and provide insight into how this data might be used in the future for the mathematical modelling
of cancer.
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