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Abstract

The concept of stability is studied on many different types of mathematical structures. This
concept can be thought of as the small changes that will be applied in the structure studied
should not disrupt the functioning of this structure. In this context, we performed the
convergence and stability analysis of the new four-step iteration algorithm that we defined in
this study, under appropriate conditions. In addition, we execute a speed comparison with
existing algorithms to prove that the new algorithm is effective and useful, and we gave a

numerical example to support our result.
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1. INTRODUCTION

Fixed point theory is a field with wide applications, which is located at the intersection of many
branches of mathematics such as Analysis, Geometry, and Topology, and whose studies date
back to the 19th century. Fixed point theory emerged to show the existence and uniqueness of
the solution of ordinary differential equations. This theory plays an important role in solving
problems encountered in many areas such as functional analysis, approximation theory,
variational and linear inequalities, control systems, and optimization. In addition to its direct
use in mathematics, fixed point theory has applications in various disciplines such as physics,

chemistry, biology, medicine, engineering, communication, and economics [1-7].
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Fixed point theory studies are carried out on many mathematical structures from normed spaces
to metric spaces. Studies on fixed point theory in normed spaces started with Brouwer [8] in
the first quarter of the 20th century. Brouwer showed that mapping on itself defined on a closed
ball in R™ space has at least one fixed point. In 1930, Schauder [9] took a Banach space instead
of R™ space in Brouwer fixed point theorem and proved that a mapping on itself defined in a
compact and convex subset of this space has at least one fixed point and presented a

generalization of Brouwer fixed point theorem.

Fixed point theory studies on complete metric spaces started with Stephan Banach. In 1922,
Banach [10] proved that in the Banach fixed point theorem, also known as the "contraction
principle”, which guarantees the existence and uniqueness of a fixed point, a contraction
mapping defined in the complete metric space has a unique fixed point. This theorem also
provides a method for calculating the uniquely determined fixed point of a contraction mapping.
This method, called iteration, produces a sequence with sequential approaches, and this
sequence converges to the unique fixed point of the contraction mapping. Through this
approach, Banach fixed point theorem is used as an effective tool in solving many existence

problems in mathematics.

Although iterative algorithms have a wide and dynamic literature, studies for these algorithms
can be listed as determining the conditions under which the sequence to be obtained by using
certain mapping classes will converge, comparing the convergence speeds, and performing data

dependence and stability analysis [11-15].

The concept of stability has been widely used in many branches of science for a long time.
According to Magnus [16], the source of stability studies can be found in the works of
Aristoteles and Archimedes. At the same time, there is no universal definition of stability that
is tailored to the specific needs of a particular problem. As a result, stability is one of the very
meaningful scientific terms. In a broad sense, stability is understood as the ability of a system

to continue functioning despite external disturbances without changing the internal structure.

The concept of stability of mathematical problems can be explained as follows: In what
situations can we say that by making a small change in the hypotheses of a theorem, the main
conclusion of the theorem remains true or approximately true?. The first study on stability in
the sense of fixed point was presented by Urabe in 1956 [17]. In 1967, Ostrowski [18] studied
the stability of Picard iterative algorithm in metric spaces, but in general terms, the concept of

stability for iterative algorithms was defined by Harder and Hicks [19] in 1988 and they proved
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some stability theorems for Picard and Mann iterative algorithms using certain mapping classes.
Later, this concept was examined by many authors and a large literature was created [20, 21].

In this study, a new four-step iterative algorithm has been proposed and the convergence of the
newly defined iterative algorithm in a Banach space has been examined under suitable
conditions. In addition, the convergence rate of the new algorithm has been compared with the
existing algorithms and this result has been evaluated numerically on a non-trivial example.
Finally, the concept of stability is analyzed for the new algorithm.

2. MATERIALS AND METHODS

In this section, we recall some fixed point iterative algorithms and give some preliminary

information we need to obtain our main results.

Let X be an ambient space, T: X — X be a mapping, and x,, u, € X.

Algorithm 1.
Xns1 = TYn

Vp = T[(l (1))xn + a(l)zn] (1)
Zy = (1 (2))xn + a(z)Txn
in which a(k) € [0,1] are control sequences for k = 1, 2. This method is called Thakur iterative
algorithm [22].

Algorithm 2.
( Upsr =Ty
{Un = T[(l m)wn + a(l)TWn] @)
k w, = (1 (2))un + a(z)Tun

in which a,(lk) € [0,1] are control sequences for k = 1,2. This method is called K* iterative

algorithm defined by Ullah and Arshad [23].

Algorithm 3.
Xns1 = TYn
Vi, = T[(l - a(l))Txn + a,(ll)Tzn] 3)
k Zy = (1 — a(z))xn + a,(lz)Txn
in which a(k) € [0,1] are control sequences for k = 1,2. This method is called K iterative

algorithm defined by Hussain et al. [24].

Algorithm 4.

Xpe1 = T[(l m)Txn + a(l)Tyn] .
=TI(1 - (2) (Z)T ( )
yTl - [ le + a x‘l’l]
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in which a(k) € [0,1] are control sequences for k = 1,2. This method is called Vatan-two step

iterative algorithm defined by Vatan et al. [25].

Especially in applied mathematics, besides obtaining the solution of a problem, it is important
to determine how to reach this solution in the easiest and fastest way. For this reason, it is
necessary to compare the speed of an iterative algorithm used in the solution of the problem in
comparison to other algorithms created with the same mapping. Based on this information, the
four-step fixed-point iterative algorithm we defined is as follows:

Algorithm 5.

(Xp41 =T [( (1))Tyn + a(l)Tzn]
Vo =T [(1 (2))Txn + a(Z)Tzn]
zn =T|(1= )y + @O Twy|
Wy, =T [(1 (4))xn + a(4)Txn]

in which a(k) € [0,1] are control sequences for k = 1,2,3, 4.

Q)

Definition 1. Let X be a Banach space and T: X — X be a mapping. If there exist a constant
& € [0,1) and a strictly increasing and continuous function ¢: R* — R* with ¢ (0) = 0 such
that

ITx — Tyll < ¢(llx — Tx|l) + 6llx — vl (6)
forall x,y € X . Then, T is called contractive-like mapping [26].

This mapping may not always have a fixed point. However, if this mapping has a fixed point

such as p, using the inequality (6), we get

ITx —pll < 5llx —pll (7)

and using the inequality (7), we obtain

ITx —Tyll <|ITx —pll + llp — Tyll
< dllx —=pll +6lly —pll (8)
< 6llx —yll + 261y — pll

Lemma 1. Let {a(k)} be three sequences such that a,gk) >0 (vneN) for k =1,2,3.
n=0

n
Assume that a,(l) o( (3)), 2;‘1‘;10(,(13) = oo, and a,(f) € (0,1) for all n = n,. If 0‘1(11431 <

(1-a?)a? +a?, then lim a” = 0 [27].
n-—-oo
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Lemma 2. Let{ (e )} be two sequences such that a,(lk) >0(VneN)fork =1,2. Assume

n=0

that lim a( ) = 0and ue(0,1).If o < ua,(ll) + a1(12)’ then lim a,(ll) = 0 [28].
n—-oo

N— 00 n+1

Definition 2. If
o - o]
lim

> lo® o]

in which {@S)} are two sequences with lim @S) =0 (i = 1,2), then it is said that {@,(11)}

converges faster than {G)(z)} [29].
n=

Definition 3. Let (X, d) be a metric space, T: X — X be a mapping with fixed point p, and x, €
X. Assume that the sequence {x,}n-, generated by the iterative algorithm x,,,; = f(T, x,)
converges to p. Let {y,}n=, < X be an arbitrary sequence and set ¢,, = d(yn+1,f(T, yn)), n=
0,1,2, ... Then the iterative algorithm f (T, x,,) will be called stable (or T-stable) if and only if
lim €,, = 0 implies that llm v, = p [30].

n—oo

3. RESULTS AND DISCUSSION

In this section, strong convergence, rate of convergence, and stability results for the sequence
obtained from Algorithm 5 constructed using a contractive-like mapping satisfying the
condition (6), will be discussed.

Theorem 1. Let C be a nonempty, closed, convex subset of a Banach space X and T: C —» C

be a contractive-like mapping with fixed point p. Let {x,},—; be iterative sequence generated
by Algorithm 5 with real sequence j« { ( )} ) € [0,1] satisfying Yo a( ) = c0. Then {xntn=1
n=

converges strongly to p.

Proof. We have to show x,, = p as n = oo. By using Algorithm 5 and (6), we have
llw =l = || 711 = @)y + @PTxs] — p|
<6 - ai)xn + P Tx, — ||
< 81— a)llx, — pll + ai? 81T, — pll ©)
< 8(1 = ay)llxn — pll + @i 621, — pll

<81 - aP (1 - 8)]llx, —pl

and
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Iz = pll = || 711 = @ ywn + @ Tw,] = p|
< 6” 1- a,(f))wn + a,(f)TWn - p”
< 81— a)llw, — pll + P8I Tw, — pll (10)
<61 - aP)lIw, — pll + V8% |wy, — pll
<61 - a1 = &)]lw, —pll
Substituting (9) in (10), we attain
Iz = pll < 82[1 - & (1 = §)|[1 - P (1 = &)l — p (11)
Also,
llyn =l = || I = &) T + P T2,] |
< 5” (1- a,(lz))Txn + a,SZ)TZn - p” (12)
< 81— aP)lxn — pll + @D 82|12, — pll
Substituting (11) in (12), we get
Iy — pll < 82{(1 - &) llx — pll
+a 671 - aP (1= )11 - (1 = )by —pll - 13
Moreover,
Pnes =l = || 71— )Ty + @i T2,] = |
< 6”(1 - a,(ll))Tyn + a,(ll)Tzn - p”
< 81— aM)ITy, — pll + a{P8IITz, — pl| (14)
< 821 = aM)lly, — pll + alP 82|z, — pl|
Substituting (11) and (13) in (14), we get
%1 — Il < 831 — &S = a?)6llx, — pl
+a 631 - (1 - O)][1 - P (1 - )]Hxy — i

+a 0t - a1 = )it - (1 = 8l = p

Considering that a,(lk) € [0,1] (k =1,2,3,4), § € (0,1), and rearranging the above inequality,

we obtain
21 = pll < 83[1 — a”(1 = 8]llx, — pll (15)
By induction, we get

lx, — pll < 83[1 — &, (1 = 8]l1x_1 — Pl
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lon_y — pll < 83[1 — a2, (1 = 8]llxp—z — Pl

llc, — pll < 83[1 — (1 = 8]llx; —

Hence,
n
tner =l < e = plle* | [1- a1 - )] (16)
i=1

Since ™ €[0,1] and 6 € (0,1), we have [1—a”(1—6] <1. It is well-known from

i
classical analysis that 1 — x < e for all x € [0,1], hence from (16), we attain

n

€)

onss = pll < llxy = plig®n | [e-a-9al
i=1
= [lx, — plls*ne=-O Tk ot
Taking the limit of both sides of the above inequality, x,, » p asn — .
Without the need for the Y.;°_; a,(,l) = oo condition given in this theorem, it can be seen from
the following theorem that lim ||x,, — p|| = 0:
n—-oo

Theorem 2. Let C, X, and T with fixed point p be the same as in Theorem 1. Then the iterative
sequence {x, }y=1, Which is generated by Algorithm 5, converges strongly to p.

Proof. From (15), we have
Ixnss =PIl < 83[1 = a1 = 8]z, —p
since [1 — a{P(1 — 8] < 1, we get
X041 — Pl < 8%llx, — pl

If the limit is taken for this inequality, it can be easily seen that lim ||x,, — p|| = 0 since 6 €
n—->oo

(0,1).
Theorem 3. Let C, X, and T with fixed point p be the same as in Theorem 1. For given x; =

u, € C, consider the iterative sequences {x,}n=; and {u,}n—, defined by Algorithm 5 and

Algorithm 2, respectively with {a,sk)} € [0,1] for k = 1,2,3,4 in which af) < a,(f) <1
n=0

Then {x,, };—, converges faster than {u,},—; to p.

Proof. From Theorem 1, we have the following estimate:

n
ltnsr = pll < vy = 8 | [[1- a1 - )] an
i=1
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Also, by using Algorithm 2, we get

w, = pll < (1= @)l — pll + 52y, - pll

=[1- 2?1 - 8)|llu, - pll (18)
and
o, = pll < 8(1 = &) llwy, — pll + 5wy, — pl (19)
< 8[1- a1 - 8)|lw, - pl
and

lun+1 — pll < Sllvy — pll (20)
Substituting (18) in (19) and (19) in (20), respectively, and by taking into account that

[1 — a,(f)(l — 6)] < 1, we attain

s = pll < 82[1 = 01 = 8)|llu, - pll (21)

By induction, we have

n

ltner = pll < 820 | [[1 = a2 = &)l -1 22)
i=1

By applying assumption af) < a,(,l) < 1to (17) and (22) respectively, we obtain

n
s =l <65 | [[1- a1 = )] -l 23)
i=1
n
=531 - a1 = 8)] llxy - pll

and

n
lunss = pll <870 [[1- P = )] s - p 24
i=1

n
=621~ a{’(1~ &) llus ~pl
From (23) and (24), we can choose {a, }y=; and {b,}7; as
a, = 81— aP (1= §)]"llx, — pll (25)
by = 821 — aP (1 = &)]™luy — pll

respectively. Let ©,, = i—” . Then, we have
n
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e L e Ol
ey = plI82"[1 = af” (1 = )]
= §n
Since § € (0,1), we obtain lim ©, = 0 which implies that {x,},—; converges faster than
n—>oo

n

{untn=1-
In order to validity of Theorem 3, we give the following example:

Example 3.1. Let X =R and C =[0,1]. Let T:C — C be a mapping defined by T(x) =
ge‘zx + %cost for all x € C. It can be seen in the Fig. 1 that T satisfies condition (6) with
3t,
-

6 =0.75and Y(t) = =

2

0.0

El |% (e x_e-!_r)+ }; (cos(2 x)—cos(i’.y))l

B 0.75]|x— y] +0.12

1 a2y 1
--€ "‘+.\'—5cos(2.\‘)|

Figure 1. Graphical demonstration of T

Let x; = 0.99 and a,(lk) = 0.25 for k = 1,2,3,4. The following table shows that Algorithm 5
converges to p = 0.35261795533135 faster than all Algorithms 1-4:
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Theorem 4. Let C,X, and T with fixed point p be the same as in Theorem 1. Suppose that

iterative sequence generated by Algorithm 5 converges to p. Then Algorithm 5 is T —stable.

Proof. Let {a, };=; be an arbitrary sequence in X. Define
& = llansr — f(T, an)”
for all n €N, in which @y =T|(1-a®)Tb, +alPTc,|, by =T|(1-a)Ta, +
a,(lz)Tcn], cn=T [(1 — a,(f))dn + a,(f)Tdn]and d, =T [(1 — a,(f))an + a,(f)Tan]. Suppose
that lim &, = 0. We prove that lim a,, = p:
n—oo n—oo

llan+s —pll < llants = F(T, an)ll
+If (T, ar) — pll

<& +o ”(1 - a,(ll))Tbn + ar(ll)Tcn - p” (26)
<&, +8(1 - a)ITh, - pll + 8aPlITe, — pl|

< & +62(1 = a)lIby — pll + 8% licy, — pl

and
by = pll = ||TI(1 = @) Tay + «PTey] — p||
< 6” (1- ar(lz))Tan + ar(lz)Tcn - p” (27)
< 62(1 - a)llay, — pll + &P 82llc, — pll
and
llew =l = || TI(1 = &)y + P Tdy] = p |
< 81— a)lidn — pll + a8, — p (28)
<8[1- a1 - O)]ld, - pll
and

ldn = pll = ||TI(1 = af)an + @y Tay] = p|
< 8(1 - ay)llay — pll + ai?82|la, — pl (29)
<81 - a1 - &)]lla, —pll
Substituting (29) in (28), we attain
llew —pll < 82[1 = a1 = 8)|[1 - i (1 = &) |lla, - pll (30)
Substituting (30) in (27), we get

Aksaray J. Sci. Eng. 6:1 (2022) 57-70 67



Y. Atalan and E. Kilic (2022). Aksaray University Journal of Science and Engineering, 6(1), 57-70.

by = pll < 6% {1 - 2P (1 = 631 - (1 - ®)|[1 - P (1 - 5)|}

(31)
X |lan = pll
Moreover, substituting (31) and (30) in (26), we obtain
”an+1 - p” < &n
+641—aP(1-63)(1-a)[1- P - 0)|[1 - P 1 - )]
+aP[1-aP (1 - ®)|[1 - a1 - )]}lla, - pll
Since § € [0,1) and {a,ﬁk)} € [0,1] for k = 1,2,3,4, we have
n=0
sH1—aP(1-63)(1-aP)1- P - 0)|[1- P - )]
+a,§1)[1 —a®a- 5)][1 —aa - 5)]} <1
Hence,
lan+: — pll < Sllan —pll + &,
Thus, from Lemma 2 we obtain lim a, = p.
n—-oo
Conversely, assume that lim a,, = p. We now prove that lim ¢, = 0:
n—oo n—-oo
én = llansr = f(T, an)ll
< llap+1 —pll + ”T [(1 - a,(ll))Tbn + a,(ll)Tcn] - p”
< llaps1 —pll+6 ” (1 - a,(ll))Tbn + a,(ll)Tcn - p” (32)

< llane — pll +82(1 = &) Iy, — pll + 62allc, — pl
Substituting (30) and (31) in (32), we get

&n < llapsr —pll
+641 — a? (1 - 82)(1 - a,ﬁ”)[1 —a®a - 5)][1 —a® - 5)]
tan[1 - @ (1= 8|1 - i (1 = &) ]}llan —pl

By taking the limit as n — oo in the above inequality, we obtain lim &, = 0.
n—-oo

4. CONCLUSIONS
In this study, we analyzed the convergence of Algorithm 5 under appropriate conditions. In
addition to proving that it has a better convergence speed than other algorithms in the literature,

Aksaray J. Sci. Eng. 6:1 (2022) 57-70 68



Y. Atalan and E. Kilic (2022). Aksaray University Journal of Science and Engineering, 6(1), 57-70.

we also presented a numerical example to support this result. Finally, we discussed the concept
of stability for Algorithm 5.
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