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Abstract 
Risk theory has always played a significant role in mathematical finance and actuarial sciences. 

A novel approach to the risk theory of non-life insurance is quantum mechanics. To compute 

finite-time non-ruin probability, I introduce the quantum mechanics formalism in discrete space 

and continuous space with the appropriately chosen Hamiltonian. By using the quantum 

mechanics approach and the stochastic method, the non-ruin operator is defined, and tensor 

products of operator concepts are presented for several examples. 

In this paper, Dirac notations are operated to find the Hamiltonian matrix with the eigenvector 

basis for two and three-state cases, and its tensor product version with a change of basis. 
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1. INTRODUCTION 

The risk theory, which can be found in numerous works such as Asmussen and Albrecher [1] 

and Gerber [2], is one of the most important arguments in the world of actuarial science [3]. In 

this paper, the representation of quantum mechanics, which depends on the Dirac formalism 

[4], is introduced. In a range of scientific areas, quantum mechanics represents a promising new 

method. Baaquie [5-6], especially studies on the financial perspective of the quantum approach 

and the mathematical background of quantum mechanics. In addition to this, Griffiths [7] 

explains how quantum mechanics works and how to treat perturbation theory by using it 

elaboratively. 
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Quantum mechanics is a well-known branch of physics that describes the behavior and random 

evolution of matter or light on an atomic scale [8-9]. Furthermore, the Hamiltonian is the 

corresponding operator in quantum mechanics and represents the total energy of the system [7]. 

This novel approach has been successfully applied in various fields and is an efficient 

alternative tool to classical probability calculations. In this paper, the quantum approach to non-

life insurance is discussed, non-ruin probability is modeled, and several advanced examples are 

treated for chosen Hamiltonians in discrete and continuous space with traditional basis and 

eigenvalues of Hermitian operators in two and three dimensions by using the tensor product of 

operators and standard Dirac matrix formalism [4] with bra-ket notations. 

In Section 2, the Hamiltonian approach is introduced, and the tensor product of an operator is 

defined to find the Hamiltonian matrix with the eigenvector basis. In Section 3, several 

examples are presented, and Dirac notations are operated to find the Hamiltonian matrix with 

the eigenvector basis for two and three-state cases, and its tensor product version with change 

of basis. 

2. HAMILTONIAN APPROACH 

In this section, classical risk theory is defined, and the Hamiltonian approach is introduced by 

using Dirac notations and tensor products. 

2.1. Classical Risk Theory 

Define the classical surplus process as [10-13] 

𝑅(𝑡) = 𝑋0 + 𝑐𝑡 − 𝑆(𝑡)   ;    𝑡 ≥ 0        (1) 

where 𝑋0 is the initial capital, 𝑐 is the constant premium rate and 

𝑆(𝑡) = ∑ 𝑋𝑗
𝑁𝑡
𝑗=1           (2) 

is the total claim amount where claim 𝑋𝑗 are i.i.d random variables and independent of a Poisson 

Process 𝑁𝑡. Also, Markov chains are a significant and more practical type of random process 

since their richness and practicability are sufficient to serve a diverse range of applications [14-

16]. Based on the Markov property, one-step transition probabilities and n-step transition 

probabilities can easily be defined. 

2.2. Hamiltonian Operator 

Let 𝐻 be a Hamiltonian matrix operator and 𝐴𝑡 be a semi-group. A unique operator can be 

derived as 

< 𝑥|𝐴𝑡|𝑥
′ >= ∑ < 𝑥|𝐴𝑡|𝑖 >< 𝑖|𝑥′ >

 
𝑖        (3) 

for any bra vector < 𝑥| and ket vector  |𝑥′ > in 𝐻. By substituting exp (−𝑡𝐻) into the semi-

group 𝐴𝑡, the following Dirac notation is obtained as [17-18] 
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< 𝑥|exp (−𝑡𝐻)|𝑥′ >= ∑ < 𝑥|exp (−𝑡𝐻)|𝑖 >< 𝑖|𝑥′ > 
𝑖 .     (4) 

Hamiltonian is operated to calculate the kernel [5] 

𝑃(𝑥, 𝑥′; ζ) =< 𝑥|exp(−ζ𝐻)|𝑥′ >        (5) 

where ζ = T − t. By using delta function, I find [5] 

< 𝑥|𝑥′ >= 𝛿(𝑥 − 𝑥′) = ∫
𝑑𝑝

2𝜋
𝑒𝑥𝑝(𝑖𝑝(𝑥 − 𝑥′)) = ∫

𝑑𝑝

2𝜋
< 𝑥|𝑝 >< 𝑝|𝑥′ >

∞

−∞

∞

−∞
.  (6) 

For basis |𝑝 > in the completeness equation [5], the following is shown as 

∫
𝑑𝑝

2𝑝
|𝑝 >< 𝑝| = 𝐼

∞

−∞
           (7)  

with the scalar product < 𝑥|𝑝 >= exp(𝑖𝑝𝑥) and < 𝑝|𝑥 >= exp(−𝑖𝑝𝑥). Hence [5] 

𝑃(𝑥, 𝑥′; ζ) =< 𝑥|exp(−ζ𝐻)|𝑥′ >= ∫
𝑑𝑝

2𝜋
𝑒𝑥𝑝(−𝜁𝐻) |𝑝 >< 𝑝|𝑥′ >

∞

−∞
.   (8) 

Then, consider H is applied to a ket vector |𝑖 > such that 𝐻|𝑖 >= 𝛿𝑖|𝑖 > and semi-group 𝐴𝑡 

is applied to a ket vector |𝑖 >, I get the following equations 

𝐴𝑡|𝑖 >= ∑
(−𝑡)𝑘

𝑘!

∞
𝑘=0 𝐻𝑘|𝑖 >= ∑

(−𝑡)𝑘

𝑘!

∞
𝑘=0 𝛿𝑖

𝑘|𝑖 >= exp (−𝑡𝛿𝑖)|𝑖 > .   (9) 

Hence, Eq. (4) is concluded as  

< 𝑥|exp (−𝑡𝐻)|𝑥′ >= ∑ < 𝑥|𝑖 >< 𝑖|𝑥′ > exp (−𝑡𝛿𝑖)
 
𝑖 .     (10) 

2.3. Tensor Product of an Operator 

Let 𝑥 and 𝑦 be two initial states and 𝑥′ and 𝑦′ be the final points, respectively. The operator is 

denoted by [6, 19] 

< 𝑥⨂𝑦|𝐴⨂𝐵|𝑥′⨂𝑦′ >= (𝑥⨂𝑦)𝑇(𝐴⨂𝐵)(𝑥′⨂𝑦′) = (𝑥𝑇⨂𝑦𝑇)(𝐴⨂𝐵)(𝑥′⨂𝑦′)  (11) 

where T means transpose. By the property of tensor product, the following property can be 

reached [6, 19] 

< 𝑥⨂𝑦|𝐴⨂𝐵|𝑥′⨂𝑦′ >= [𝑥𝑇𝐴⨂𝑦𝑇𝐵](𝑥′⨂𝑦′) = (𝑥𝑇𝐴𝑥′⨂𝑦𝑇𝐵𝑦′).   (12) 

Then, Eq. (11) can be written as [6] 

< 𝑥⨂𝑦|𝐴⨂𝐵|𝑥′⨂𝑦′ >=< 𝑥|𝐴|𝑥′ > ⨂ < 𝑦|𝐵|𝑦′ >.     (13) 

Here, we know that < 𝑥|𝐴|𝑥′ > and < 𝑦|𝐵|𝑦′ > are numbers. So, the operator is derived as 

< 𝑥⨂𝑦|𝐴⨂𝐵|𝑥′⨂𝑦′ >=< 𝑥|𝐴|𝑥′ >< 𝑦|𝐵|𝑦′ >.      (14) 

Fact 1: Let 𝐴, 𝐵, 𝐶 and 𝐷 be matrix. Multiplication of tensor products 𝐴⨂𝐵 and 𝐶⨂𝐷 is 

denoted by 

(𝐴⨂𝐵)(𝐶⨂𝐷) = (𝐴𝐶)⨂(𝐵𝐷).        (15) 

Fact 2: If the notation 𝐴𝑥 = 𝐴|𝑥 >, then 

(𝐴⨂𝐵)|𝐶⨂𝐷 >= (𝐴|𝐶 >)⨂(𝐵|𝐷 >).       (16) 
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Now, if we generalize the system for initial states {𝑥1, 𝑥2, … , 𝑥𝑛}, final points {𝑥1′, 𝑥2′, … , 𝑥𝑛′}, 

and set of matrices {𝐴1, 𝐴2, … , 𝐴𝑛}, the operator is defined by 

< 𝑥1⨂𝑥2⨂ …⨂𝑥𝑛|𝐴1⨂𝐴2⨂ …⨂𝐴𝑛|𝑥1′⨂𝑥2′⨂ …⨂𝑥𝑛′ > = < 𝑥1|𝐴1|𝑥1′ >

⨂ < 𝑥2|𝐴2|𝑥2′ > ⨂……⨂ < 𝑥𝑛|𝐴𝑛|𝑥𝑛′ > .      (17) 

Simply, it can be written as 

∏ < 𝑥𝑖|𝐴𝑖|𝑥𝑖′ >
𝑛
𝑖=1 .          (18) 

Lemma 2.3.1: Let 𝐾𝑖
𝐴 and 𝐾𝑗

𝐵  be the eigenvalues for matrix 𝐴 and 𝐵, respectively. If 𝐻𝐴⨂𝐵 =

𝐼𝐴⨂𝐻𝐵 +𝐻𝐴⨂𝐼𝐵, I get the following equation  

𝐻𝐴⨂𝐵|𝑖⨂𝑗 >= 𝐾𝜎|𝜎 >         (19) 

where 𝐾𝜎 = 𝐾𝑗
𝐵 +𝐾𝑖

𝐴  and 𝜎 = |𝑖⨂𝑗 >= |𝑖 > ⨂|𝑗 >. 

Proof: If 𝐾𝑖
𝐴

 and 𝐾𝑗
𝐵

 are eigenvalues, it can be said that 𝐻𝐴|𝑖 >= 𝐾𝑖
𝐴|𝑖 > and 

𝐻𝐵|𝑗 >= 𝐾𝑗
𝐵|𝑗 >. Using the notations 𝐻𝐴⨂𝐵 = 𝐼𝐴⨂𝐻𝐵 + 𝐻𝐴⨂𝐼𝐵, the following notation is 

derived as 

𝐻𝐴⨂𝐵|𝑖⨂𝑗 >= 𝐼𝐴⨂𝐻𝐵|𝑖⨂𝑗 > +𝐻𝐴⨂𝐼𝐵|𝑖⨂𝑗 >.      (20) 

From the properties of the tensor product, I get 

𝐻𝐴⨂𝐵|𝑖⨂𝑗 >= 𝐼𝐴|𝑖 > ⨂𝐻𝐵|𝑗 > +𝐻𝐴|𝑖 > ⨂𝐼𝐵|𝑗 >=|i> ⨂𝐾𝑗
𝐵|𝑗 > +𝐾𝑖

𝐴  |𝑖 > ⨂|𝑗 >. (21) 

Hence, 

𝐻𝐴⨂𝐵|𝑖⨂𝑗 >= (𝐾𝑗
𝐵 +𝐾𝑖

𝐴)|𝑖⨂𝑗 >= 𝐾𝜎|𝜎 >.      (22) 

Lemma 2.3.2: Let 𝐾𝑖
𝐴

, 𝐾𝑗
𝐵

and 𝐾𝑘
𝐶

 be the eigenvalues for matrix 𝐴, 𝐵 and 𝐶, respectively. If 

𝐻𝐴⨂𝐵⨂𝐶 = 𝐻𝐴⨂𝐼𝐵⨂𝐼𝐶 + 𝐼𝐴⨂𝐻𝐵⨂𝐼𝐶 + 𝐼𝐴⨂𝐼𝐵⨂𝐻𝐶 , the following notation is reached as 

𝐻𝐴⨂𝐵⨂𝐶 |𝑖⨂𝑗⨂𝑘 >= 𝐾𝜎|𝜎 >        (23) 

where 𝐾𝜎 = 𝐾𝑖
𝐴 +𝐾𝑗

𝐵
+ 𝐾𝑘

𝐶   and 𝜎 = |𝑖⨂𝑗⨂𝑘 >= |𝑖 > ⨂|𝑗 > ⨂|𝑘 >. 

Proof: A similar procedure is applied. If 𝐾𝑖
𝐴

, 𝐾𝑗
𝐵

 and 𝐾𝑘
𝐶
 are eigenvalues, it can be said that 

𝐻𝐴|𝑖 >= 𝐾𝑖
𝐴|𝑖 > , 𝐻𝐵|𝑗 >= 𝐾𝑗

𝐵|𝑗 > and 𝐻𝐶 |𝑘 >= 𝐾𝑘
𝐶|𝑘 >. Using the notations 𝐻𝐴⨂𝐵⨂𝐶 =

𝐻𝐴⨂𝐼𝐵⨂𝐼𝐶 + 𝐼𝐴⨂𝐻𝐵⨂𝐼𝐶 + 𝐼𝐴⨂𝐼𝐵⨂𝐻𝐶 , the following notation is derived as 

𝐻𝐴⨂𝐵⨂𝐶 |𝑖⨂𝑗⨂𝑘 >= 𝐻𝐴⨂𝐼𝐵⨂𝐼𝐶|𝑖⨂𝑗⨂𝑘 > +𝐼𝐴⨂𝐻𝐵⨂𝐼𝐶|𝑖⨂𝑗⨂𝑗 > +𝐼𝐴⨂𝐼𝐵⨂𝐻𝐶|𝑖⨂𝑗⨂𝑗 >

            (24) 

From the properties of the tensor product, I get 

𝐻𝐴⨂𝐵⨂𝐶 |𝑖⨂𝑗⨂𝑘 >= 𝐻𝐴|𝑖 > ⨂𝐼𝐵|𝑗 > ⨂𝐼𝐶|𝑘 > +𝐼𝐴|𝑖 > ⨂𝐻𝐵|𝑗 > ⨂𝐼𝐶|𝑘 > +𝐼𝐴|𝑖 >

⨂𝐼𝐵|𝑗 > ⨂𝐻𝐶 |𝑘 >=𝐻𝐴|i > ⨂|𝑗 > ⨂|𝑘 > +|𝑖 > ⨂𝐻𝐵|𝑗 > ⨂|𝑘 > +|𝑖 > ⨂|𝑗 > ⨂𝐻𝐶|𝑘 >

            (25) 
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If I substitute the eigenvalues, Eq. (25) is written as 

𝐻𝐴⨂𝐵⨂𝐶|𝑖⨂𝑗⨂𝑘 >= 𝐾𝑖
𝐴|i > ⨂|𝑗 > ⨂|𝑘 > +|𝑖 > ⨂𝐾𝑗

𝐵|𝑗 > ⨂|𝑘 > +|𝑖 > ⨂|𝑗 > ⨂𝐾𝑘
𝐶|𝑘 >. 

            (26) 

Hence, 

𝐻𝐴⨂𝐵⨂𝐶 |𝑖⨂𝑗⨂𝑘 >= (𝐾𝑖
𝐴 +𝐾𝑗

𝐵
+ 𝐾𝑘

𝐶)|𝑖⨂𝑗⨂𝑘 >= 𝐾𝜎|𝜎 >.    (27) 

Fact 3: By induction, I generalize the previous lemmas as follows: 

𝐻𝐴|𝑖1⨂…⨂𝑖𝑛 >= (∑ 𝐾
𝑖𝑗

𝐴𝑗𝑛
𝑗=1 )|𝑖1⨂…⨂𝑖𝑛 >= 𝐾𝜎|𝜎 >     (28) 

where 𝐻𝐴 = 𝐻(𝐴1⨂…⨂𝐴𝑛) = ∑ 𝐼𝐴1⨂…
𝑛
𝑗=1 ⨂𝐼𝐴𝑗−1𝐻𝐴𝑗𝐼𝐴𝑗+1⨂…⨂𝐼𝐴𝑛 and 𝐻𝐴𝑗|𝑖𝑗 >=𝐾

𝑖𝑗

𝐴𝑗|𝑖𝑗 >.  

Furthermore, the operator notation is derived as 

< 𝑥|exp (−𝑡𝐻)|𝑥′ >= ∑ < 𝜎 𝑥| exp(−𝑡𝐻) |𝜎 >< 𝜎|𝑥′ >     (29) 

where 𝑥 = 𝑥1⨂…⨂𝑥𝑛 are initial states, 𝑥′ = 𝑥1′⨂…⨂𝑥𝑛′ are final points and H|𝜎 >=

𝐾|𝜎 >. So, I get 

< 𝑥|exp (−𝑡𝐻)|𝑥′ >= ∑ exp(−𝑡𝐾𝜎) <
 
𝜎 𝑥|𝜎 >< 𝜎|𝑥′ >.     (30) 

3. RUIN PROBABILITY EXAMPLES 

Example 3.1: Let 𝐻 = (
0 0 0
0 −(𝜆 + 𝜇) 𝜆
0 𝜇 −2𝜇

) ∈ 𝑅3 be a Hamiltonian matrix and                    

𝐴𝜁 = exp (−𝜁𝐻) be a generated semi-group. Then, the non-ruin probability matrix is 

represented as 

(

 
 

1 0 0

0
exp (𝜁𝜇)

Δ
 (𝜇 + 𝜆exp (𝜁Δ))

exp(𝜁𝜇)

Δ
(1 − exp (𝜁Δ))

0
𝜇 exp(𝜁𝜇)

Δ
(1 − exp (𝜁Δ))

exp(𝜁𝜇)

Δ
(𝜆 + 𝜇exp (𝜁Δ))

)

 
 

 

            (31) 

where Δ = 𝜆 + 𝜇.  

Solution: Let |1∗ >= (
1
0
0
), |2∗ >= (

0
1
1
) and |3∗ >= (

0
𝜆
−𝜇
) be ket vectors. The (normalized) 

eigenvectors are simply represented as unit vectors |1 >= (
1
0
0
), |2 >= (

0
1
0
) and |3 >= (

0
0
1
). 

Then, I reach that 

(1 0 0)𝑇 = |1 >= |1∗ >,  
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(0 1 0)𝑇 = |2 >=
𝜇

Δ
|2∗ > +

1

Δ
|3∗ >,       (32) 

(0 0 1)𝑇 = |3 >=
𝜆

Δ
|2∗ > −

1

Δ
|3∗ >  

where Δ = 𝜆 + 𝜇. 

A specific matrix is used to have diagonal form by change of basis, and it is called 

diagonalizable [7]. To change the coordinates of vectors, I take matrix Σ 

Σ = 𝐴𝑇𝐴 = (
1 0 0
0 1 1
0 𝜆 −𝜇

)(
1 0 0
0 1 𝜆
0 1 −𝜇

) = (

1 0 0
0 2 𝜆 − 𝜇

0 𝜆 − 𝜇 𝜆2 + 𝜇2
)    (33) 

where 𝐴𝑇 consists of the ket vectors |1∗ >, |2∗ > and |3∗ >. By applying ket vectors |1 >, |2 > 

and |3 > to the matrix Σ, I obtain 

Σ1 = (

1 0 0
0 2 𝜆 − 𝜇

0 𝜆 − 𝜇 𝜆2 + 𝜇2
)(
1
0
0
) = |1∗ >  , 

Σ2 =
1

Δ
(

1 0 0
0 2 𝜆 − 𝜇

0 𝜆 − 𝜇 𝜆2 + 𝜇2
)(
0
𝜇
1

) = |2∗ > +𝜆|3∗ >  ,      

Σ3 =
1

Δ
(

1 0 0
0 2 𝜆 − 𝜇

0 𝜆 − 𝜇 𝜆2 + 𝜇2
)(

0
𝜆
−1
) = |2∗ > −𝜇|3∗ >.   

Then, the operator in the new coordinates is defined as 

< 𝑥|exp (−𝜁𝐻)|𝑥′ >=< 𝑥|exp (−𝜁𝐻)|Σ𝑥′ >∗   

= < Σ𝑥|exp (−𝜁𝐻)|1∗ >∗ < 1
∗|𝑥′ >∗  + < Σ𝑥| exp(−𝜁𝐻) |2

∗ >∗ < 2
∗|𝑥′ >∗  

+ < Σ𝑥|exp (−𝜁𝐻)|3∗ >∗ < 3
∗|𝑥′ >∗.    (34) 

Now, if I apply eigenvectors to the matrix 𝐻, I find 

𝐻|1∗ >= 0|1∗ >                         →       exp (−𝜁𝐻)|1∗ >= |1∗ >  

𝐻|2∗ >= −𝜇|2∗ >                     →       exp (−𝜁𝐻)|2∗ >= exp (−𝜁𝜇)|2∗ >    (35) 

𝐻|3∗ >= −(𝜆 + 2𝜇)|3∗ >       →       exp (−𝜁𝐻)|3∗ >= exp (−𝜁(𝜆 + 2𝜇))|3∗ >  

The operator is now derived as 

< 𝑥|exp (−𝜁𝐻)|𝑥′ >=< Σ𝑥|1∗ >∗ < 1
∗|𝑥′ >∗ + exp (−𝜁𝜇)  < Σ𝑥|2

∗ >∗ < 2
∗|𝑥′ >∗+

 exp (−𝜁(𝜆 + 2𝜇)) < Σ𝑥|3∗ >∗ < 3
∗|𝑥′ >∗ .      (36) 

So, the probabilities are found as follows:  

𝑃11(𝜁) =< 1|𝐴𝜁|1 >  

   = [< 1∗|1∗ >< 1∗|1∗ >] + exp (−𝜁𝜇)[< 1∗|2∗ >< 2∗|1∗ >] +  exp (−𝜁(𝜆

+ 2𝜇))[< 1∗|3∗ >< 3∗|1∗ >] = 1 

𝑃12(𝜁) =< 1|𝐴𝜁|2 >  
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   = [< 1∗|1∗ >< 1∗|2∗ >] + exp (−𝜁𝜇)[< 1∗|2∗ >< 2∗|2∗ >] +  exp (−𝜁(𝜆

+ 2𝜇))[< 1∗|3∗ >< 3∗|2∗ >] = 0 

𝑃13(𝜁) =< 1|𝐴𝜁|3 >  

   = [< 1∗|1∗ >< 1∗|3∗ >] + exp (−𝜁𝜇)[< 1∗|2∗ >< 2∗|3∗ >] +  exp (−𝜁(𝜆

+ 2𝜇))[< 1∗|3∗ >< 3∗|3∗ >] = 0 

𝑃21(𝜁) =< 2|𝐴𝜁|1 >  

         = [< 2∗|1∗ > +𝜆 < 3∗|1∗ >] < 1∗|1∗ > +exp (−𝜁𝜇)[< 2∗|2∗ > +𝜆 < 3∗|2∗ >]

< 2∗|1∗ > +exp (−𝜁(𝜆 + 2𝜇))[< 2∗|3∗ > +𝜆 < 3∗|3∗ >] < 3∗|1∗ >= 0 

𝑃22(𝜁) =< 2|𝐴𝜁|2 >  

         =
1

Δ
[< 2∗|1∗ > +𝜆 < 3∗|1∗ >][𝜇 < 1∗|2∗ > +< 1∗|3∗ >]

+
1

Δ
exp (−𝜁𝜇)[< 2∗|2∗ > +𝜆 < 3∗|2∗ >][𝜇 < 2∗|2∗ > +< 2∗|3∗ >]

+
1

Δ
exp (−𝜁(𝜆 + 2𝜇))[< 2∗|3∗ > +𝜆 < 3∗|3∗ >][𝜇 < 3∗|2∗ > +< 3∗|3∗ >] 

=
1

Δ
𝜇 exp(𝜁𝜇) +

1

Δ
𝜆 exp(𝜁(2𝜇 + 𝜆)) =

exp(𝜁𝜇)

Δ
(𝜇 + 𝜆𝑒𝑥𝑝(𝜁Δ)) 

𝑃23(𝜁) =< 2|𝐴𝜁|3 >  

         =
1

Δ
[< 2∗|1∗ > +𝜆 < 3∗|1∗ >][𝜆 < 1∗|2∗ > −< 1∗|3∗ >]

+
1

Δ
exp (−𝜁𝜇)[< 2∗|2∗ > +𝜆 < 3∗|2∗ >][𝜆 < 2∗|2∗ > −< 2∗|3∗ >]

+
1

Δ
exp (−𝜁(𝜆 + 2𝜇))[< 2∗|3∗ > +𝜆 < 3∗|3∗ >][𝜆 < 3∗|2∗ > −< 3∗|3∗ >] 

=
1

Δ
𝜆 exp(𝜁𝜇) −

1

Δ
𝜆 exp(𝜁(2𝜇 + 𝜆)) =

𝜆exp(𝜁𝜇)

Δ
(1 − 𝑒𝑥𝑝(𝜁Δ)) 

𝑃31(𝜁) =< 3|𝐴𝜁|1 >  

         = [< 3∗|1∗ > −𝜇 < 3∗|1∗ >] < 1∗|1∗ > +exp (−𝜁𝜇)[< 2∗|2∗ > −𝜇 < 3∗|2∗ >]

< 2∗|1∗ > +exp (−𝜁(𝜆 + 2𝜇))[< 2∗|3∗ > −𝜇 < 3∗|3∗ >] < 3∗|1∗ >= 0 

𝑃32(𝜁) =< 3|𝐴𝜁|2 >  

         =
1

Δ
[< 2∗|1∗ > −𝜇 < 3∗|1∗ >][𝜇 < 1∗|2∗ > +< 1∗|3∗ >]

+
1

Δ
exp (−𝜁𝜇)[< 2∗|2∗ > −𝜇 < 3∗|2∗ >][𝜇 < 2∗|2∗ > +< 2∗|3∗ >]

+
1

Δ
exp (−𝜁(𝜆 + 2𝜇))[< 2∗|3∗ > −𝜇 < 3∗|3∗ >][𝜇 < 3∗|2∗ > +< 3∗|3∗ >] 
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=
1

Δ
𝜇 exp(𝜁𝜇) −

1

Δ
𝜇 exp(𝜁(2𝜇 + 𝜆)) =

𝜇 exp(𝜁𝜇)

Δ
(1 − 𝑒𝑥𝑝(𝜁Δ)) 

𝑃33(𝜁) =< 3|𝐴𝜁|3 >  

         =
1

Δ
[< 2∗|1∗ > −𝜇 < 3∗|1∗ >][𝜆 < 1∗|2∗ > −< 1∗|3∗ >]

+
1

Δ
exp (−𝜁𝜇)[< 2∗|2∗ > −𝜇 < 3∗|2∗ >][𝜆 < 2∗|2∗ > −< 2∗|3∗ >]

+
1

Δ
exp (−𝜁(𝜆 + 2𝜇))[< 2∗|3∗ > −𝜇 < 3∗|3∗ >][𝜆 < 3∗|2∗ > −< 3∗|3∗ >] 

=
1

Δ
𝜆 exp(𝜁𝜇) +

1

Δ
𝜇 exp(𝜁(2𝜇 + 𝜆)) =

exp(𝜁𝜇)

Δ
(𝜆 + 𝜇𝑒𝑥𝑝(𝜁Δ))     (37) 

Example 3.2: Let 𝐻1 = (
𝜆1 −𝜆1
−𝜇1 𝜇1

) ∈ 𝑅2 and 𝐻2 = (
𝜆2 −𝜆2
−𝜇2 𝜇2

) ∈ 𝑅2be two Hamiltonian 

matrices and 𝐴𝜁 = exp(−𝜁𝐻) = exp(−𝜁𝐻1)⨂−exp(−𝜁𝐻2) = exp (−𝜁(𝐻1⨂𝐼2 + 𝐼2⨂𝐻2)) 

be a generated semi-group which consists of a tensor product. Then the elements of the non-

ruin probability matrix are computed by algebraic calculation as seen in the solution. 

Solution: In this example, similar calculations will be made. For brevity, all calculations will 

not be given. Now, I can start by using the notation 𝐻 = 𝐻1⨂𝐼2 + 𝐼2⨂𝐻2. The matrix 𝐻 is 

found as 

𝐻 = [

𝜆1 + 𝜆2 −𝜆2
−𝜇2 𝜆1 + 𝜇2

−𝜆1          0
0        −𝜆1

−𝜇1       0
0      −𝜇1

𝜇1 + 𝜆2 −𝜆2
−𝜇2 𝜇1 + 𝜇2

] 

Let |1∗ >= (

1
1
1
1

), |2∗ >= (
   
𝜆1
𝜆1
−𝜇1
−𝜇1

), |3∗ >= (
   
  𝜆2
−𝜇2
   𝜆2
−𝜇2

) and |4∗ >= (
   
  𝜆1𝜆2
−𝜆1𝜇2
  −𝜆2𝜇1
    𝜇1𝜇2

) be the 

eigenvectors of matrix H for the corresponding eigenvalues 𝐾1 = 0, 𝐾2 = 𝜆1 + 𝜇1, 𝐾3 = 𝜆2 +

𝜇2 and 𝐾4 = 𝜆1 + 𝜇1 + 𝜆2 + 𝜇2, respectively. For simplicity, Δ1 = 𝜆1 + 𝜇1 and Δ2 = 𝜆2 + 𝜇2 

will be used in further calculations. Ket vectors |1 >, |2 >, |3 > and |4 > are calculated in the 

new coordinates as follows:  

|1 >= (1 0 0 0)𝑇 =
𝜇1𝜇2

Δ1Δ2
| 1∗ > +

𝜇2

Δ1Δ2
|2∗ > +

𝜇1

Δ1Δ2
| 3∗ > +

1

Δ1Δ2
|4∗ >, 

|2 >= (0 1 0 0)𝑇 =
𝜇1𝜆2

Δ1Δ2
| 1∗ > +

𝜆2

Δ1Δ2
|2∗ > −

𝜇1

Δ1Δ2
| 3∗ > −

1

Δ1Δ2
|4∗ >, 

|3 >= (0 0 1 0)𝑇 =
𝜆1𝜇2

Δ1Δ2
| 1∗ > −

𝜇2

Δ1Δ2
|2∗ > +

𝜆1

Δ1Δ2
| 3∗ > −

1

Δ1Δ2
|4∗ >, 

|4 >= (0 0 0 1)𝑇 =
𝜆1𝜆2

Δ1Δ2
| 1∗ > −

𝜆2

Δ1Δ2
|2∗ > −

𝜆1

Δ1Δ2
| 3∗ > +

1

Δ1Δ2
|4∗ >.  (38) 
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To change the coordinates of vectors, I take matrix Σ as 

Σ = [

    1       1
    𝜆1        𝜆1

  1      1
−𝜇1    −𝜇1

 𝜆2 −𝜇2
−𝜆1𝜆2 𝜆1𝜇2

 𝜆2   −𝜇2
𝜆2𝜇1 −𝜇1𝜇2

] [

1    𝜆1
1     𝜆1

   𝜆2  −𝜆1𝜆2
−𝜇2   𝜆1𝜇2

1 −𝜇1
1 −𝜇1

𝜆2    𝜆2𝜇1
−𝜇2 −𝜇1𝜇2

]    (39) 

Now, the following can be reached by applying the matrix to my ket vectors |1 >, |2 >, |3 > 

and |4 > 

Σ1 = |1∗ > +𝜆1|2
∗ > +𝜆2|3

∗ > +𝜆1𝜆2|4
∗ >  ,   

Σ2 = |1∗ > +𝜆1|2
∗ > −𝜇2|3

∗ > −𝜆1𝜇2|4
∗ >  ,   

Σ3 = |1∗ > −𝜇1|2
∗ > +𝜆2|3

∗ > −𝜆2𝜇1|4
∗ >  ,   

Σ3 = |1∗ > −𝜇1|2
∗ > −𝜇2|3

∗ > +𝜇1𝜇2|4
∗ > .  

Then, the operator in the new coordinates is defined by 

< 𝑥|exp (−𝜁𝐻)|𝑥′ >=< 𝑥|exp (−𝜁𝐻)|Σ𝑥′ >∗      (40) 

which equals to 

< Σ𝑥|exp (−𝜁𝐻)|1∗ >∗ < 1
∗|𝑥′ >∗  + < Σ𝑥| exp(−𝜁𝐻) |2

∗ >∗ < 2
∗|𝑥′ >∗  

+ < Σ𝑥| exp(−𝜁𝐻) |3∗ >∗ < 3
∗|𝑥′ >∗ + < Σ𝑥|exp (−𝜁𝐻)|4

∗ >∗ < 4
∗|𝑥′ >∗.  (41) 

By applying eigenvectors to the matrix 𝐻, I get 

𝐻|1∗ >= 0|1∗ > , |2∗ >= Δ1|2
∗ > , 𝐻|3∗ >= Δ2|3

∗ > , 𝐻|4∗ >= (Δ1+Δ2)|4
∗ >. (42) 

The operator is now derived as 

< 𝑥|exp (−𝜁𝐻)|𝑥′ >=< Σ𝑥|1∗ >∗ < 1
∗|𝑥′ >∗+ exp(−𝜁Δ1)

< Σ𝑥|2∗ >∗ < 2
∗|𝑥′ >∗+ exp(−𝜁Δ2) < Σ𝑥|3

∗ >∗ < 3
∗|𝑥′ >∗ 

  +exp (−𝜁(Δ1 + Δ2)) < Σ𝑥|4
∗ >∗ < 4

∗|𝑥′ >∗.    (43) 

Hence, the probabilities are calculated as follows: 

   𝑃11(𝜁) =
𝜇1𝜇2
Δ1Δ2

+ exp(−𝜁Δ1)
𝜆1𝜇2
Δ1Δ2

+ exp(−𝜁Δ2)
𝜆2𝜇1
Δ1Δ2

+ exp(−𝜁((Δ1 + Δ2))
𝜆1𝜆2
Δ1Δ2

 

   𝑃12(𝜁) =
𝜇1𝜆2
Δ1Δ2

+ exp(−𝜁Δ1)
𝜆1𝜆2
Δ1Δ2

− exp(−𝜁Δ2)
𝜆2𝜇1
Δ1Δ2

− exp(−𝜁((Δ1 + Δ2))
𝜆1𝜆2
Δ1Δ2

 

𝑃13(𝜁) =
𝜇2𝜆1
Δ1Δ2

− exp(−𝜁Δ1)
𝜆1𝜇2
Δ1Δ2

+ exp(−𝜁Δ2)
𝜆1𝜆2
Δ1Δ2

− exp(−𝜁((Δ1 + Δ2))
𝜆1𝜆2
Δ1Δ2

 

𝑃14(𝜁) =
𝜆1𝜆2
Δ1Δ2

− exp(−𝜁Δ1)
𝜆1𝜆2
Δ1Δ2

− exp(−𝜁Δ2)
𝜆1𝜆2
Δ1Δ2

+ exp(−𝜁((Δ1 + Δ2))
𝜆1𝜆2
Δ1Δ2

 

𝑃21(𝜁) =
𝜇1𝜇2
Δ1Δ2

+ exp(−𝜁Δ1)
𝜆1𝜇2
Δ1Δ2

− exp(−𝜁Δ2)
𝜇1𝜇2
Δ1Δ2

− exp(−𝜁((Δ1 + Δ2))
𝜆1𝜇2
Δ1Δ2

 

𝑃22(𝜁) =
𝜇1𝜆2
Δ1Δ2

+ exp(−𝜁Δ1)
𝜆1𝜆2
Δ1Δ2

+ exp(−𝜁Δ2)
𝜇1𝜇2
Δ1Δ2

+ exp(−𝜁((Δ1 + Δ2))
𝜆1𝜇2
Δ1Δ2

 

𝑃23(𝜁) =
𝜇2𝜆1
Δ1Δ2

− exp(−𝜁Δ1)
𝜆1𝜇2
Δ1Δ2

− exp(−𝜁Δ2)
𝜆1𝜇2
Δ1Δ2

+ exp(−𝜁((Δ1 + Δ2))
𝜆1𝜇2
Δ1Δ2
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𝑃24(𝜁) =
𝜆1𝜆2
Δ1Δ2

− exp(−𝜁Δ1)
𝜆1𝜆2
Δ1Δ2

+ exp(−𝜁Δ2)
𝜆1𝜇2
Δ1Δ2

− exp(−𝜁((Δ1 + Δ2))
𝜆1𝜇2
Δ1Δ2

 

𝑃31(𝜁) =
𝜇1𝜇2
Δ1Δ2

− exp(−𝜁Δ1)
𝜇1𝜇2
Δ1Δ2

+ exp(−𝜁Δ2)
𝜆2𝜇1
Δ1Δ2

− exp(−𝜁((Δ1 + Δ2))
𝜆2𝜇1
Δ1Δ2

 

𝑃32(𝜁) =
𝜆2𝜇1
Δ1Δ2

− exp(−𝜁Δ1)
𝜆2𝜇1
Δ1Δ2

− exp(−𝜁Δ2)
𝜆2𝜇1
Δ1Δ2

+ exp(−𝜁((Δ1 + Δ2))
𝜆2𝜇1
Δ1Δ2

 

𝑃33(𝜁) =
𝜆1𝜇2
Δ1Δ2

+ exp(−𝜁Δ1)
𝜇1𝜇2
Δ1Δ2

+ exp(−𝜁Δ2)
𝜆1𝜆2
Δ1Δ2

+ exp(−𝜁((Δ1 + Δ2))
𝜆2𝜇1
Δ1Δ2

 

𝑃34(𝜁) =
𝜆1𝜆2
Δ1Δ2

+ exp(−𝜁Δ1)
𝜆2𝜇1
Δ1Δ2

− exp(−𝜁Δ2)
𝜆1𝜆2
Δ1Δ2

− exp(−𝜁((Δ1 + Δ2))
𝜆2𝜇1
Δ1Δ2

 

𝑃41(𝜁) =
𝜇1𝜇2
Δ1Δ2

− exp(−𝜁Δ1)
𝜇1𝜇2
Δ1Δ2

− exp(−𝜁Δ2)
𝜇1𝜇2
Δ1Δ2

+ exp(−𝜁((Δ1 + Δ2))
𝜇1𝜇2
Δ1Δ2

 

𝑃42(𝜁) =
𝜆2𝜇1
Δ1Δ2

− exp(−𝜁Δ1)
𝜆2𝜇1
Δ1Δ2

+ exp(−𝜁Δ2)
𝜇1𝜇2
Δ1Δ2

− exp(−𝜁((Δ1 + Δ2))
𝜇1𝜇2
Δ1Δ2

 

𝑃43(𝜁) =
𝜆1𝜇2
Δ1Δ2

+ exp(−𝜁Δ1)
𝜇1𝜇2
Δ1Δ2

− exp(−𝜁Δ2)
𝜆1𝜇2
Δ1Δ2

− exp(−𝜁((Δ1 + Δ2))
𝜇1𝜇2
Δ1Δ2

 

𝑃44(𝜁) =
𝜆1𝜆2
Δ1Δ2

+ exp(−𝜁Δ1)
𝜆2𝜇1
Δ1Δ2

+ exp(−𝜁Δ2)
𝜆1𝜇2
Δ1Δ2

+ exp(−𝜁((Δ1 + Δ2))
𝜇1𝜇2
Δ1Δ2

 

            (44) 

The sum of rows is 1. 

Example 3.3: Let 𝐻1 = (
0 0 0
0 −(𝜆 + 𝜇) 𝜆
0 𝜇 −2𝜇

) ∈ 𝑅2 and 𝐻2 = (
0 0 0
0 −(𝜆 + 𝜇) 𝜆
0 𝜇 −2𝜇

) ∈ 𝑅2 

be two Hamiltonian matrices and 𝐴𝜁 = exp(−𝜁𝐻) = exp(−𝜁𝐻1)⨂−exp(−𝜁𝐻2) =

exp (−𝜁(𝐻1⨂𝐼3 + 𝐼3⨂𝐻2)) be a generated semi-group, which consists of a tensor product. 

Then the elements of the non-ruin probability matrix are computed by algebraic calculation as 

seen in the solution. 

Solution: In this example, similar calculations will be made. For brevity, all calculations will 

not be given. Now, I can start by using the notation 𝐻 = 𝐻1⨂𝐼3 + 𝐼3⨂𝐻2, the matrix 𝐻 is found 

as 

(

 
 
 
 
 
 
 

0 0 0
0 −(𝜆 + 𝜇) 𝜆
0 𝜇 −2𝜇

0                0                 0
0 0  0
0 0  0

0             0            0
0 0 0
0 0 0

 0         0            0  
 0 0    0  
 0 0    0  

−(𝜆 + 𝜇) 0 0

0 −2(𝜆 + 𝜇) 𝜆
0 𝜇 −(𝜆 + 3𝜇)

𝜆             0            0
0 𝜆 0
0 0 𝜆

 0         0            0  
 0 0    0  
 0 0    0  

𝜇                  0                 0
0 𝜇 0
𝜇 0 𝜇

−2𝜇 0 0
0 −(𝜆 + 3𝜇) 𝜆
0 𝜇 −4𝜇)

 
 
 
 
 
 
 

 

Let  

|1∗ >= (1 1 1 1 1 1 1 1 1)𝑇,   
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|2∗ >= (0 1 1 0 0 0 0 0 0)𝑇, 

|3∗ >= (0 𝜆 −𝜇 0 0 0 0 0 0)𝑇,  

|4∗ >= (0 0 0 1 0 0 1 0 0)𝑇, 

|5∗ >= (0 0 0 0 1 1 0 1 1)𝑇,   

|6∗ >= (0 0 0 0 𝜆 −𝜇 0 𝜆 −𝜇)𝑇, 

|7∗ >= (0 0 0 𝜆 0 0 −𝜇 0 0)𝑇, 

|8∗ >= (0 0 0 0 𝜆 𝜆 0 −𝜇 −𝜇)𝑇, 

|9∗ >= (0 𝜆 −𝜇 0 0 0 0 0 0)𝑇       (45) 

be eigenvectors of matrix 𝐻 for corresponding eigenvalues 

𝐾1 = 0,  𝐾2 = 𝐾4 = −𝜇,   𝐾3 = 𝐾7 = −(𝜆 + 2𝜇),  𝐾5 = −2𝜇,   

𝐾6 = 𝐾8 = −(𝜆 + 3𝜇),  𝐾9 = 2(𝜆 + 𝜇),       (46) 

respectively. Ket vectors |1 >, |2 >, |3 >, |4 >, |5 >, |6 >, |7 >, |8 > and |9 > are calculated 

in the new coordinates as follows 

|1 >= |1∗ >  ,  |2 >=
𝜇

Δ
|2∗ > +

1

Δ
|3∗ >  ,   |3 >=

𝜆

Δ
|2∗ > −

1

Δ
|3∗ >  ,   

|4 >=
𝜇

Δ
|4∗ > +

1

Δ
|7∗ >  ,  |7 >=

𝜆

Δ
|4∗ > −

1

Δ
|7∗ >   

|5 >=
𝜇2

Δ2
|5∗ > +

𝜇

Δ2
|6∗ > +

𝜇

Δ2
|8∗ > +

1

Δ2
|9∗ >  , 

|6 >=
𝜆𝜇

Δ2
|5∗ > −

𝜇

Δ2
|6∗ > +

𝜆

Δ2
|8∗ > −

1

Δ2
|9∗ >  , 

|8 >=
𝜆𝜇

Δ2
|5∗ > +

𝜆

Δ2
|6∗ > −

𝜇

Δ2
|8∗ > −

1

Δ2
|9∗ >  , 

|9 >=
𝜆2

Δ2
|5∗ > −

𝜆

Δ2
|6∗ > −

𝜆

Δ2
|8∗ > +

1

Δ2
|9∗ > .       (47) 

To change the coordinates of vectors, I take matrix Σ as previous. Now, the following can be 

reached by applying the matrix to my ket vectors |1 >, |2 >, |3 >, |4 >, |5 >, |6 >, |7 >, |8 > 

and |9 >, 

Σ1 = |1∗ >  ,  Σ2 = |2∗ > +𝜆|3∗ >  ,  Σ3 = |2∗ > −𝜇|3∗ >  ,   

Σ4 = |4∗ > +𝜆|3∗ >  ,   Σ7 = |4∗ > −𝜇|7∗ >  ,   

Σ5 = |5∗ > +𝜆|6∗ > +𝜆|8∗ > +𝜆2|9∗ >  ,    

Σ6 = |5∗ > −𝜇|6∗ > +𝜆|8∗ > −𝜆𝜇|9∗ >  ,    

Σ8 = |5∗ > +𝜆|6∗ > −𝜇|8∗ > −𝜆𝜇|9∗ >  ,    

Σ9 = |5∗ > −𝜇|6∗ > −𝜇|8∗ > +𝜇2|9∗ > .        (48) 

By applying eigenvectors to the matrix 𝐻, I get 

𝐻|1∗ >= 0|1∗ > , 𝐻|2∗ >= 𝜇|2∗ > , 𝐻|3∗ >= −(𝜆 + 2𝜇)|3∗ > ,  𝐻|4∗ >= 𝜇|4∗ >  , 

𝐻|5∗ >= −2𝜇|5∗ > , 𝐻|6∗ >= −(𝜆 + 3𝜇)|6∗ > , 𝐻|7∗ >= −(𝜆 + 2𝜇)|7∗ >  ,  
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𝐻|8∗ >= −(𝜆 + 3𝜇)|8∗ > , 𝐻|9∗ >= −2(𝜆 + 2𝜇)|9∗ >.     (49) 

The operator is now derived as 

< 𝑥|exp (−𝜁𝐻)|𝑥′ >=< Σ𝑥|1∗ >∗ < 1
∗|𝑥′ >∗+ exp (−𝜁𝜇) < Σ𝑥|2

∗ >∗ < 2
∗|𝑥′ >∗+

exp(−𝜁(𝜆 + 2𝜇)) < Σ𝑥|3∗ >∗ < 3
∗|𝑥′ >∗+ exp (−𝜁𝜇) < Σ𝑥|4

∗ >∗ < 4
∗|𝑥′ >∗+

exp (−𝜁(2𝜇)) < Σ𝑥|5∗ >∗ < 5
∗|𝑥′ >∗+ exp (−𝜁(𝜆 + 3𝜇)) < Σ𝑥|6

∗ >∗ < 6
∗|𝑥′ >∗+

exp (−𝜁(𝜆 + 2𝜇)) < Σ𝑥|7∗ >∗ < 7
∗|𝑥′ >∗+ exp (−𝜁(𝜆 + 3𝜇)) < Σ𝑥|8

∗ >∗ < 8
∗|𝑥′ >∗+

exp (−𝜁(2𝜆 + 4𝜇)) < Σ𝑥|9∗ >∗ < 9
∗|𝑥′ >∗.      (50) 

Hence, the probabilities are calculated as follows: 

𝑃11(𝜁) = 1,    𝑃12(𝜁) = 0,    𝑃13(𝜁) = 0,    𝑃14(𝜁) = 0,  𝑃15(𝜁) = 0,    𝑃16(𝜁) = 0,        

𝑃17(𝜁) = 0,    𝑃18(𝜁) = 0,    𝑃19(𝜁) = 0,     

𝑃21(𝜁) = 0,    𝑃24(𝜁) = 0,    𝑃25(𝜁) = 0,    𝑃26(𝜁) = 0,  𝑃27(𝜁) = 0,    𝑃28(𝜁) = 0, 

𝑃29(𝜁) = 0, 

𝑃22(𝜁) = exp (−
1

2
𝜁𝜇)

𝜇

Δ
+ exp (−

1

2
𝜁(𝜆 + 2𝜇))

𝜆

Δ
, 

𝑃23(𝜁) = exp (−
1

2
𝜁𝜇)

𝜆

Δ
− exp (−

1

2
𝜁(𝜆 + 2𝜇))

𝜆

Δ
,   

𝑃31(𝜁) = 0,    𝑃34(𝜁) = 0,    𝑃35(𝜁) = 0,    𝑃36(𝜁) = 0,  𝑃37(𝜁) = 0,    𝑃38(𝜁) = 0, 

𝑃39(𝜁) = 0, 

𝑃32(𝜁) = exp (−
1

2
𝜁𝜇)

𝜇

Δ
− exp (−

1

2
𝜁(𝜆 + 2𝜇))

𝜇

Δ
, 

𝑃33(𝜁) = exp (−
1

2
𝜁𝜇)

𝜆

Δ
+ exp (−

1

2
𝜁(𝜆 + 2𝜇))

𝜇

Δ
,   

𝑃41(𝜁) = 0,    𝑃42(𝜁) = 0,    𝑃43(𝜁) = 0,    𝑃45(𝜁) = 0,  𝑃46(𝜁) = 0,    𝑃48(𝜁) = 0, 

𝑃49(𝜁) = 0, 

𝑃44(𝜁) = exp (−
1

2
𝜁𝜇)

𝜇

Δ
+ exp (−

1

2
𝜁(𝜆 + 2𝜇))

𝜆

Δ
, 

𝑃47(𝜁) = exp (−
1

2
𝜁𝜇)

𝜆

Δ
− exp (−

1

2
𝜁(𝜆 + 2𝜇))

𝜆

Δ
,   

𝑃51(𝜁) = 0,    𝑃52(𝜁) = 0,    𝑃53(𝜁) = 0,    𝑃54(𝜁) = 0,  𝑃57(𝜁) = 0,  

𝑃55(𝜁) = exp(−𝜁(2𝜇))
𝜇2

Δ2
+ exp (−

1

2
𝜁(𝜆 + 3𝜇))

𝜆𝜇

Δ2
+ exp (−

1

2
𝜁(𝜆 + 3𝜇))

𝜆𝜇

Δ2
+

exp (−
1

2
𝜁(2𝜆 + 4𝜇))

𝜆2

Δ2
, 

𝑃56(𝜁) = exp(−𝜁(2𝜇))
𝜆𝜇

Δ2
− exp (−

1

2
𝜁(𝜆 + 3𝜇))

𝜆𝜇

Δ2
+ exp (−

1

2
𝜁(𝜆 + 3𝜇))

𝜆2

Δ2
−

exp (−
1

2
𝜁(2𝜆 + 4𝜇))

𝜆2

Δ2
,   
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𝑃58(𝜁) = exp(−𝜁(2𝜇))
𝜆𝜇

Δ2
+ exp (−

1

2
𝜁(𝜆 + 3𝜇))

𝜆2

Δ2
− exp (−

1

2
𝜁(𝜆 + 3𝜇))

𝜆𝜇

Δ2
−

exp (−
1

2
𝜁(2𝜆 + 4𝜇))

𝜆2

Δ2
,   

𝑃59(𝜁) = exp(−𝜁(2𝜇))
𝜆2

Δ2
− exp (−

1

2
𝜁(𝜆 + 3𝜇))

𝜆2

Δ2
+ exp (−

1

2
𝜁(𝜆 + 3𝜇))

𝜆2

Δ2
+

exp (−
1

2
𝜁(2𝜆 + 4𝜇))

𝜆2

Δ2
,   

𝑃61(𝜁) = 0,    𝑃62(𝜁) = 0,    𝑃63(𝜁) = 0,    𝑃64(𝜁) = 0,  𝑃67(𝜁) = 0,  

𝑃65(𝜁) = exp(−𝜁(2𝜇))
𝜇2

Δ2
− exp (−

1

2
𝜁(𝜆 + 3𝜇))

𝜇2

Δ2
+ exp (−

1

2
𝜁(𝜆 + 3𝜇))

𝜆𝜇

Δ2
−

exp (−
1

2
𝜁(2𝜆 + 4𝜇))

𝜆𝜇

Δ2
, 

𝑃66(𝜁) = exp(−𝜁(2𝜇))
𝜆𝜇

Δ2
+ exp (−

1

2
𝜁(𝜆 + 3𝜇))

𝜇2

Δ2
+ exp (−

1

2
𝜁(𝜆 + 3𝜇))

𝜆2

Δ2
+

exp (−
1

2
𝜁(2𝜆 + 4𝜇))

𝜆𝜇

Δ2
,   

𝑃68(𝜁) = exp(−𝜁(2𝜇))
𝜆𝜇

Δ2
− exp (−

1

2
𝜁(𝜆 + 3𝜇))

𝜆𝜇

Δ2
− exp (−

1

2
𝜁(𝜆 + 3𝜇))

𝜆𝜇

Δ2
+

exp (−
1

2
𝜁(2𝜆 + 4𝜇))

𝜆𝜇

Δ2
,  

𝑃69(𝜁) = exp(−𝜁(2𝜇))
𝜆2

Δ2
+ exp (−

1

2
𝜁(𝜆 + 3𝜇))

𝜆𝜇

Δ2
− exp (−

1

2
𝜁(𝜆 + 3𝜇))

𝜆2

Δ2
+

exp (−
1

2
𝜁(2𝜆 + 4𝜇))

𝜆𝜇

Δ2
,   

𝑃71(𝜁) = 0,    𝑃72(𝜁) = 0,    𝑃73(𝜁) = 0,    𝑃75(𝜁) = 0,  𝑃76(𝜁) = 0,    𝑃78(𝜁) = 0, 

𝑃79(𝜁) = 0, 

𝑃74(𝜁) = exp (−
1

2
𝜁𝜇)

𝜇

Δ
− exp (−

1

2
𝜁(𝜆 + 2𝜇))

𝜇

Δ
, 

𝑃77(𝜁) = exp (−
1

2
𝜁𝜇)

𝜆

Δ
+ exp (−

1

2
𝜁(𝜆 + 2𝜇))

𝜇

Δ
,   

𝑃81(𝜁) = 0,    𝑃82(𝜁) = 0,    𝑃83(𝜁) = 0,    𝑃84(𝜁) = 0,  𝑃87(𝜁) = 0,  

𝑃85(𝜁) = exp(−𝜁(2𝜇))
𝜇2

Δ2
+ exp (−

1

2
𝜁(𝜆 + 3𝜇))

𝜆𝜇

Δ2
− exp (−

1

2
𝜁(𝜆 + 3𝜇))

𝜇2

Δ2
+

exp (−
1

2
𝜁(2𝜆 + 4𝜇))

𝜆𝜇

Δ2
, 

𝑃86(𝜁) = exp(−𝜁(2𝜇))
𝜆𝜇

Δ2
− exp (−

1

2
𝜁(𝜆 + 3𝜇))

𝜆𝜇

Δ2
− exp (−

1

2
𝜁(𝜆 + 3𝜇))

𝜆𝜇

Δ2
−

exp (−
1

2
𝜁(2𝜆 + 4𝜇))

𝜆𝜇

Δ2
,   

𝑃88(𝜁) = exp(−𝜁(2𝜇))
𝜆𝜇

Δ2
+ exp (−

1

2
𝜁(𝜆 + 3𝜇))

𝜆2

Δ2
+ exp (−

1

2
𝜁(𝜆 + 3𝜇))

𝜇2

Δ2
+

exp (−
1

2
𝜁(2𝜆 + 4𝜇))

𝜆𝜇

Δ2
,  
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𝑃89(𝜁) = exp(−𝜁(2𝜇))
𝜆2

Δ2
− exp (−

1

2
𝜁(𝜆 + 3𝜇))

𝜆2

Δ2
− exp (−

1

2
𝜁(𝜆 + 3𝜇))

𝜆𝜇

Δ2
−

exp (−
1

2
𝜁(2𝜆 + 4𝜇))

𝜆𝜇

Δ2
,   

𝑃91(𝜁) = 0,    𝑃92(𝜁) = 0,    𝑃93(𝜁) = 0,    𝑃94(𝜁) = 0,  𝑃97(𝜁) = 0,  

𝑃95(𝜁) = exp(−𝜁(2𝜇))
𝜇2

Δ2
− exp (−

1

2
𝜁(𝜆 + 3𝜇))

𝜇2

Δ2
− exp (−

1

2
𝜁(𝜆 + 3𝜇))

𝜇2

Δ2
+

exp (−
1

2
𝜁(2𝜆 + 4𝜇))

𝜇2

Δ2
, 

𝑃96(𝜁) = exp(−𝜁(2𝜇))
𝜆𝜇

Δ2
+ exp (−

1

2
𝜁(𝜆 + 3𝜇))

𝜇2

Δ2
− exp (−

1

2
𝜁(𝜆 + 3𝜇))

𝜆𝜇

Δ2
−

exp (−
1

2
𝜁(2𝜆 + 4𝜇))

𝜇2

Δ2
,   

𝑃98(𝜁) = exp(−𝜁(2𝜇))
𝜆𝜇

Δ2
− exp (−

1

2
𝜁(𝜆 + 3𝜇))

𝜆𝜇

Δ2
+ exp (−

1

2
𝜁(𝜆 + 3𝜇))

𝜇2

Δ2
−

exp (−
1

2
𝜁(2𝜆 + 4𝜇))

𝜇2

Δ2
,  

𝑃99(𝜁) = exp(−𝜁(2𝜇))
𝜆2

Δ2
+ exp (−

1

2
𝜁(𝜆 + 3𝜇))

𝜆𝜇

Δ2
+ exp (−

1

2
𝜁(𝜆 + 3𝜇))

𝜆𝜇

Δ2
+

exp (−
1

2
𝜁(2𝜆 + 4𝜇))

𝜇2

Δ2
. 

4. CONCLUSIONS 

In this study, I concentrate on Markovian structure and apply the discrete and continuous space 

quantum mechanics formalism with the appropriately chosen Hamiltonians to compute finite 

time non-ruin probability. Finally, several advanced examples are treated for chosen 

Hamiltonians in discrete and continuous space using traditional bases, as well as eigenvalues 

of Hermitian operators in two and three dimensions using the tensor product of operators and 

standard Dirac matrix formalism with bra-ket notations. 
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