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Abstract
Risk theory has always played a significant role in mathematical finance and actuarial sciences.

A novel approach to the risk theory of non-life insurance is quantum mechanics. To compute
finite-time non-ruin probability, I introduce the quantum mechanics formalism in discrete space
and continuous space with the appropriately chosen Hamiltonian. By using the quantum
mechanics approach and the stochastic method, the non-ruin operator is defined, and tensor

products of operator concepts are presented for several examples.

In this paper, Dirac notations are operated to find the Hamiltonian matrix with the eigenvector

basis for two and three-state cases, and its tensor product version with a change of basis.

Keywords
Ruin Probability, Risk Theory, Hamiltonian, Quantum Mechanics, Dirac Notations, Tensor
Product, Non-life Insurance.

1. INTRODUCTION

The risk theory, which can be found in numerous works such as Asmussen and Albrecher [1]
and Gerber [2], is one of the most important arguments in the world of actuarial science [3]. In
this paper, the representation of quantum mechanics, which depends on the Dirac formalism
[4], is introduced. In a range of scientific areas, quantum mechanics represents a promising new
method. Baaquie [5-6], especially studies on the financial perspective of the quantum approach
and the mathematical background of quantum mechanics. In addition to this, Griffiths [7]
explains how guantum mechanics works and how to treat perturbation theory by using it

elaboratively.
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Quantum mechanics is a well-known branch of physics that describes the behavior and random
evolution of matter or light on an atomic scale [8-9]. Furthermore, the Hamiltonian is the
corresponding operator in quantum mechanics and represents the total energy of the system [7].
This novel approach has been successfully applied in various fields and is an efficient
alternative tool to classical probability calculations. In this paper, the quantum approach to non-
life insurance is discussed, non-ruin probability is modeled, and several advanced examples are
treated for chosen Hamiltonians in discrete and continuous space with traditional basis and
eigenvalues of Hermitian operators in two and three dimensions by using the tensor product of
operators and standard Dirac matrix formalism [4] with bra-ket notations.

In Section 2, the Hamiltonian approach is introduced, and the tensor product of an operator is
defined to find the Hamiltonian matrix with the eigenvector basis. In Section 3, several
examples are presented, and Dirac notations are operated to find the Hamiltonian matrix with
the eigenvector basis for two and three-state cases, and its tensor product version with change
of basis.

2. HAMILTONIAN APPROACH

In this section, classical risk theory is defined, and the Hamiltonian approach is introduced by
using Dirac notations and tensor products.

2.1. Classical Risk Theory

Define the classical surplus process as [10-13]

R(t)=Xy+ct—S(t) ; t=0 (1)
where X, is the initial capital, c is the constant premium rate and
S(t) =Xt X )

is the total claim amount where claim X; are i.i.d random variables and independent of a Poisson

Process N,. Also, Markov chains are a significant and more practical type of random process
since their richness and practicability are sufficient to serve a diverse range of applications [14-
16]. Based on the Markov property, one-step transition probabilities and n-step transition

probabilities can easily be defined.

2.2. Hamiltonian Operator

Let H be a Hamiltonian matrix operator and A, be a semi-group. A unique operator can be
derived as

< x|Aglx" >=); < x|A i ><i|x' > 3)
for any bra vector < x| and ket vector |x' > in H. By substituting exp(—tH) into the semi-

group A;, the following Dirac notation is obtained as [17-18]
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< x|lexp(—tH)|x' >=); < x|exp(—tH)|i >< i|x’ >. 4)
Hamiltonian is operated to calculate the kernel [5]
P(x,x"; Q) =< x|exp(—=CH)[x" > ()
where { = T — t. By using delta function, 1 find [5]
<xlx'>=6x—-x") = —exp(lp(x x")) = f_ < x|p >< plx' >. (6)
For basis |p > in the completeness equation [5], the foIIowmg is shown as

o dp _
Loz lp><pl=1 (7)
with the scalar product < x|p >= exp(ipx) and < p|x >= exp(—ipx). Hence [5]
P(x,x';0) =< xlexp(={H)|x' >= [ —exzo( ¢H) |p ><plx’ >. (8)

Then, consider H is applied to a ket vector |i > such that H|i >= §;|i > and semi-group A,

is applied to a ket vector |i >, | get the following equations

Ai>=32, ? HK|i >= ¥, ” L 5.i >= exp(—t6))]i > . (9)
Hence, Eq. (4) is concluded as

< xlexp(—tH)|x' >=}; < x|i >< i|x" > exp(—t5)). (10)
2.3. Tensor Product of an Operator

Let x and y be two initial states and x’ and y’ be the final points, respectively. The operator is
denoted by [6, 19]

< x®y|A®B|x'®y' >= (x®y)"(A®B)(x'®y") = (x"®y")(A®B) (x'®y") (11)
where T means transpose. By the property of tensor product, the following property can be
reached [6, 19]

< xQy|AQB|x'®y’' >= [xTAQyTB](x'®y') = (xTAx'®yTBy"). (12)
Then, Eq. (11) can be written as [6]
< x®YV|AQB|x'®y’ >=< x|A|x' > ® < y|B|y' >. (13)

Here, we know that < x|A|x’ > and < y|B|y' > are numbers. So, the operator is derived as

< x®V|AQB|x'®y' >=< x|A|x' >< y|Bly' >. (14)
Fact 1: Let A, B, C and D be matrix. Multiplication of tensor products AQB and CQD is
denoted by

(A®B)(C®D) = (AC)®(BD). (15)
Fact 2: If the notation Ax = A|x >, then
(A®B)|C®D >= (A|C >)®(B|D >). (16)
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Now, if we generalize the system for initial states {x;, x,, ..., x, }, final points {x;’, x,’, ..., x,'},

and set of matrices {4,, A, ..., A, }, the operator is defined by

<x0%,Q ..Qx,|A;Q0A4,Q ... QA |x,'®x,'® ...Qx,, > =< x,|A;]|x," >

® < x3|Az]%," > & ... ... ® < xp|Anlx,' >. (17)
Simply, it can be written as
i1 < xilAglx > (18)

Lemma 2.3.1: Let K;* and KjB be the eigenvalues for matrix A and B, respectively. If Hygp =
1[,®Hg + H,®I5, | get the following equation

Hyepli®j >= K,|o > (19)
where K, = K;° + K* and o = [i®j >=|i > ®|j >.

Proof: If K;* and K;® are eigenvalues, it can be said that H,li >=K;*|i > and
Hg|j >=K;®|j >. Using the notations H,gs = [,®Hy + H,®I5, the following notation is
derived as

Hyop|i®j >= [,QHp|i®j > +H,QI5|i®j >. (20)
From the properties of the tensor product, I get

Hygpli®j >= I1li > ®Hplj > +Hyli > ®I|j >=|i> QK%|j > +K* |[i > ®|j > (21)
Hence,

Hagsli®j >= (K;° + K;)[i®) >= K,|o >. (22)

Lemma 2.3.2: Let K;*, K;”and K, be the eigenvalues for matrix A, B and C, respectively. If

Hyopec = Hi®Iz®I, + [,®Hp®I, + I,QI3®H_, the following notation is reached as

Hygpecli®j®k >= K, |o > (23)

where K, = K + K;” + K© and o = |iQj®k >= |i > ®j > ®|k >.

Proof: A similar procedure is applied. If K;*, KjB and K,,© are eigenvalues, it can be said that

Hyli >= K;%|i >, Hg|j >= K;®|j > and H¢|k >= K,.°|k >. Using the notations Hygpec =

H,QIz QI + [,QHy I, + [,QIz®H,, the following notation is derived as

Hygpecli®j®k >= H,QIpQI¢|i®j®k > +1,@Hp®1¢|iQj®j > +1,@1;®H, |i®j®) >
(24)

From the properties of the tensor product, | get

Hygpecli®j®k >= Hyli > QIgzlj > Ik > +1,]i > QHglj > Qlc|lk > +1,]i >

®lg|j > QHc |k >=H,li > ®|j > Qlk > +|i > QHp|j > |k > +|i > ®|j > QH|k >
(25)
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If I substitute the eigenvalues, Eq. (25) is written as

Higpecli®j®k >=KA|i > ®|j > ®lk > +]i > @KP|j > ®|k > +|i > Q|j > ®K |k >.

(26)
Hence,
Hiopecli®j®k >= (K + K" + K.5)|i®j®k >= K,|o >. )
Fact 3: By induction, | generalize the previous lemmas as follows:
Hy|iy® ... ®iy, >= (Z?le:")li@ Qi >=K,|o > (28)

where Hy = Hia,@..@a) = 2114, ® - ®la,_ Hala,,, ® ... ®1ly, and Hy |i; >=Kijf|ij >,
Furthermore, the operator notation is derived as

< x|lexp(—tH)|x' >= Y, <x|exp(—tH) |0 >< g|x' > (29)
where x = x;® ... ®x,, are initial states, x' = x,'® ... ®x,,’ are final points and H|o >=
K|o >. So, | get

< x|lexp(—tH)|x" >= Y, exp(—tK,) <x|o >< g|x’ >. (30)

3. RUIN PROBABILITY EXAMPLES

0 0 0
Example 3.1: Let H=<0 -1+ A )ER3 be a Hamiltonian matrix and
0 U —2uU

A; = exp(—¢H) be a generated semi-group. Then, the non-ruin probability matrix is

represented as

[} eoi,” oo
0 exr’f“) (1 + Aexp({A)) epr&(l —exp(A)) |
\0 %@“)(1—exp(@)) expf“ ) (A+uexp<<ﬂ>)/

(31)
where A = 1 + pu.

1 0 0
Solution: Let |1* >= (0) |2 >= (1) and |3* >= < A ) be ket vectors. The (normalized)
0 1 —U

1 0 0
eigenvectors are simply represented as unit vectors |1 >= <0) |2 >= (1) and |3 >= (0)
0 0 1

Then, | reach that

1 0 0)=|1>=|1">,
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0 1 0 =[2>=%12"> 43" >, (32)
T _i * _l *
0 0 D'=3>=22">—-2[3">

where A = 1+ u.
A specific matrix is used to have diagonal form by change of basis, and it is called

diagonalizable [7]. To change the coordinates of vectors, | take matrix £

1 0 O 1 0 O 1 0 0
Z=ATA=<O 1 1)(0 1 A):(O 2 A—u> (33)
0 2 —u/\0 1 —u 0 A—u A2+ u?

where AT consists of the ket vectors |1* >, |2* > and |3* >. By applying ket vectors |1 >, |2 >

and |3 > to the matrix X, | obtain

1 0 0 1
z1=<0 2 A—u)<0)=|1*>,
0 A—u 22+u%/\0

1 0 0 0
zz:i(O 2 A—u)(u)=|2*>+ll3*>,

0 A—pu 22+pu*/\1

1 0 0 0
zg:%(O 2 /1—/1)(,1)=|2*>—u|3*>.
0 A—u A2+pu%/ \—-1

Then, the operator in the new coordinates is defined as
< x|exp(—(H)|x' >=< x|exp(—{H)|Zx" >,
= < Ix|exp(—CH)|1* >, < 1*|x' >, + < Zx|exp(—(H) |2* >, < 2*|x’ >,

+ < Zx|exp(—(H)|3* >, < 3*|x' >,. (34)
Now, if I apply eigenvectors to the matrix H, I find
H|1* >=0]1* > -  exp(—CH)|1* >=|1">
H|2" >= —p|2" > > exp(—(H)|2" >= exp(—{u)[2* > (35)

H|3* >=-A+2w|3*> - exp(—{H)|3* >=exp(—{(4 + 2w))|3" >
The operator is now derived as
< x|lexp(—CH)|x' >=< Zx|1* >, < 1*|x' >, + exp(—(u) < Ix|2* >, < 2*|x' >, +
exp(—(¢(A + 2un)) < Zx|3* >, < 3*|x' >, . (36)
So, the probabilities are found as follows:
P (Q) =< 1|A;]1 >
= [< 171" >< 171" >] + exp(—qu)[< 1*]2* >< 2*|1* >] + exp(—{(1
+2u)[< 173" >< 3*|1* >] =1
P, (Q) =< 1|A;]2 >
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= [< 171" >< 172" >] + exp(—={u)[< 172" >< 2*]2* >] + exp(—{(4
+2u)[< 1¥|3* >< 3*|2* >] =0
P13(Q) =< 1|43 >
= [< 1¥|1* >< 1%]3* >] + exp(—qu)[< 1*|2* >< 2*|3* >] + exp(—](4
+2u)[< 173* >< 3*|3* >] =0
Py1({) =< 2|A;]1 >
= [<2°]1" > +21 < 3*|1* >] < 171" > +exp(—{u)[< 2*|2* > +1 < 3*|2* >]
< 271" > 4exp(—{(A + 2u)[< 273" > +1 < 373" >] < 3*|1* >= 0
Py, ({) =< 2|A]2 >

1
= Z[< 2¥|1F > 424 < 3|1 >][u < 172* > +< 1%|3* >]

1
+ —exp(—Ju)[< 2¥|2* > +1 < 3*|2* >][u < 2¥|2* > +< 2%[3* >]

A
+%exp(—((l +2u))[< 2¥|3* > 41 < 3*|3* >][u < 3*|2* > +< 3*[3* >]
1 1
= yuexp(Cu) + 1 exp(((2u + 1)) = eprH) (1 + Aexp($A))

Py3(Q) =< 2|4;|3 >

1
= Z[< 2*|1F > 42 < 3*1* >][A < 1%]2F > —< 173" >]

1
+Zexp(—C,u)[< 2°|12F > 41 < 3*|2F >][A < 2*|2F > —< 2%|3* >]

1
+Zexp(—((/1 +2u)[< 2*|3* > 41 < 3*|3* >][1 < 3*[2* > —< 3*|3* >]

A
AP (1 — exp(za)

1 1
=yAexp(u) — 1 Aexp(((2u + A)) =
P31 (Q) =< 3|4|1 >
= [<3*|1" > —pu < 3*|1* >] < 1*|1* > 4exp(={u)[< 2|2 > —u < 3*|2* >]
< 21* > +exp(—¢(A + 2W)[< 2*|3* > —u < 3*|3* >] < 3*|1* >= 0
P3,(Q) =< 3|4|2 >

1
= Z[< 2°|11% > —u < 31 >][u < 17[2* > +< 173" >]

1
+Zexp(—(,u)[< 2°[2F > —u < 3*|2* >])[u < 2¥|2* > +< 2%|3* >]

1
+Zexp(—((/1 +2u))[< 2*|3* > —u < 3*|3* >][u < 3*[2* > +< 3*|3* >]
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pexp(Ju)

(- exp({A))

1 1
= Zu exp({u) —le exp((Ru+ 1)) =
P33(0) =< 3|A€|3 >

1
= Z[< 2¥|1F > —pu < 3*|1* >][A < 172F > =< 1%|3* >]

1
+Zexp(—(u)[< 2512% > —u < 3*|2F >][A < 2%|2* > —< 2¥|3* >]

1
+ —exp(—{(A + 2u))[< 2¥|3* > —u < 3*[3* >][A < 3*|2* > —< 3*(3* >]

A
= 22 exp({p) + 5 uexp({(2u + 1) = 2 (4 + pexp(¢A)) (37)
Example 3.2: Let H; = ( & _/11> € R? and H, = ( A2 _AZ) € R%be two Hamiltonian
—H1 M L )

matrices and A; = exp(—{H) = exp(—{H;) ® —exp(—{H,) = exp(—{(H,®I, + [,®H,))
be a generated semi-group which consists of a tensor product. Then the elements of the non-

ruin probability matrix are computed by algebraic calculation as seen in the solution.

Solution: In this example, similar calculations will be made. For brevity, all calculations will

not be given. Now, | can start by using the notation H = H,®I, + I,®H,. The matrix H is

found as
—/11 + /12 _/12 _/11 0
H=| H A+ 0 —h
—Hy 0 i+, —A
0 —Hy Uy Mt U
1 A Ay M,
. 1 N A ¥ ) " =Mty
Let |1* >= , |2F >= 1], 13*>= and |4* >= be the
| T L I | I
1 — —U; K1k

eigenvectors of matrix H for the corresponding eigenvalues K; =0, K, = 1, + u;, K3 = 4, +
Uy and K, = A4 + py + A, + py, respectively. For simplicity, Ay = A4, + y; and A, = A, + u,
will be used in further calculations. Ket vectors |1 >, |2 >, |3 > and |4 > are calculated in the

new coordinates as follows:

1>=(1 0 0 o)Tzﬁ 1*>+ﬁ2*>+:—223*>+AfA2|4*>,
2>=0 1 0 o)Tzﬁ 1*>+Af22 2" > - 3*>—A11A2|4*>,
3>=(0 0 1 o)T=:’Z 1> - 2*>+Af22 3*>—A11A2|4* >,
4>=( 0 0 1)T=% 1*>—Aj22 2*>—Af—22 3> 14>, (38)
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To change the coordinates of vectors, | take matrix X as

1 1 1 1 1 /11 /12 _/11/12
A A i —m ||1 A A1ty
= 39
Az —H2 Az U |1 —py Ay Aztq (39)

—MAy Apy Aopn —pqp Ll o —up
Now, the following can be reached by applying the matrix to my ket vectors |1 >, |2 >, |3 >
and |4 >
I1 = 1" > +24412" > +4,|3" > +4, 4,4 >,
X2 =|1">4+|2" > =y |3* > A 1|4 >
X3 =|1">—puq |2" > +2,|3* > -,y |4 >,

EB3=|1">—y|2" > —pp|3" > +py |4 > .
Then, the operator in the new coordinates is defined by
< x|exp(—{H)|x" >=< x|exp(—(H)|Zx' >, (40)
which equals to
< Ix|exp(—(H)|1* >, < 1*|x' >, + < Zx|exp(—(H) |2* >, < 2*[x" >,
+ < Zx|exp(—(H) [3* >, < 3*|x" >, + < Zx|exp(—(H)|4* >, < 4*|x" >.. (41)
By applying eigenvectors to the matrix H, | get
H|1* >=0]|1* >, [2* >= A{|2* > ,H|3* >= A,|3" >, H|4* >= (A+A,) 4" >. (42)
The operator is now derived as

< x|lexp(—CH)|x' >=< Zx|1* >, < 1*|x’ >,+ exp(—{A,)

< Zx|2F >, < 2f|x" >+ exp(—(A,) < Ix|3* >, < 3*|x' >,

+exp(—{(A; + A,)) < Zx|4* >, < 4*|x' >,. (43)
Hence, the probabilities are calculated as follows:
palt u
Py1(§) = o5+ exp(—¢A xp(=$8;) 1 okt + exp(=¢((4
A1A2 2
%P /1 A2ty /1
PL(@) = T+ exp(~C8) 3 AZ — exp(—¢8,) T3 — exp(~0((A; + Aznm
Pus(©) = 200 exp(=g0,) A2 4 exp(—0,) SO exp(—g((Ay + B7)) 20
13(¢ —A—AZ_GXP A% A A, exp(—J4; A1A2 exp(—¢((4, 2) A,
Ay A4, A,
Pu(@) = T35 — exp(~{B) 3 Az ~exp(¢a,) 02 aa tep(=L(+ ) T
_ M1M2 _ Palz A1ptz
P () = A1Az xp(— (A1) A Az —exp(—JA,) AL, exp(—¢((A; +4,)) AL,
_ s Uil Aty
P () = AR, + exp(— (AI)A Az + exp(—JA;) A1A2 + exp(—¢((A; +43)) A,
Ha s Ao
P3() = AR, —exp(— (AI)A Az exp(— ZAz) A1A2 =+ exp(—¢((A; +43)) A,
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A2, u u
P,,(Q) = AlAz — exp(— (A1 Aobiy —exp(=¢((A; + Az)) el
_ Ml Azt _ Azt
P3,1(9) =20, exp(— (Al)A 2, 2 + exp(— (Az)AlAZ exp(— C((A1+Az))A1A2
Paa(@) = 220 exp(—00) 22 exp(—785) 220 1 exp(—g (A, + A)) 222
32 T A4, p Uy Az p 2 A1A2 p 1 2V A,
Pao(@) = 22 1 exp (=000 22 4 exp(—785) 222 1 exp(—g (A, + A)) 222
33 AA, p 1 A Az p 2 A1A2 p 1 2V A,
M, Aapq Aatq
P3,(0) = AR, + exp(— (Al)A A, —exp(— (Az +A,)) AL,
_ My _ Myl ”1”2

Py (0 = AA, XP( {A;) AD, + Az))
Aoy Aapq “1“2

Py, (() = AA, - eXp( (A AD, + Az))
_ A1y U1l #1#2

Py (() = AA, + eXp(—fAﬂ AD, + Az))
142 A 2502

P = —(A A A A
106 = 5%+ exp(—8) 8% + exp(~48,) 1A% + exp(=4((4, + 20) 5
(44)
The sum of rows is 1.
0 0 0 0 0 0
Example 3.3: Let H, = (0 —-(A+pn A ) € R? and H, = (0 -+ 2 ) € R?
0 u —2U 0 u —2U

be two Hamiltonian matrices and A; = exp(—{H) = exp(—{H;) ® — exp(—{H,) =

exp(—{(H,®I; + I5®H,)) be a generated semi-group, which consists of a tensor product.

Then the elements of the non-ruin probability matrix are computed by algebraic calculation as

seen in the solution.

Solution: In this example, similar calculations will be made. For brevity, all calculations will

not be given. Now, | can start by using the notation H = H,®I; + I;®H,, the matrix H is found

as

0 0 0 0 0 0 0 0 0
0 —(A+p) 2 0 0 0 0 0 0
0 m —2u 0 0 0 0 0 0
0 0 0 —(“A+w 0 0 y) 0 0
0 0 0 0 -2+ y) 0 y) 0
0 0 0 0 U —(A+3nw) O 0 A
0 0 0 I 0 0 —2u 0 0
0 0 0 0 m 0 0 —-(A+3w 2
0 0 0 m 0 m 0 M —4pu

Let

1*>=1 11 1 11 1 1 1,
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2*>=(0 1 1 0 0 0 0 0 O0),

3*>=(0 A —u 0 0 0 0 0 0,

4*>=(0 0 0 1 0 0 1 0 0),

5*>=(0 0 0 0 1 1 0 1 17,

6*>=0 0 0 0 A —u 0 A —wT,

7*>=(0 0 0 2 0 0 —u 0 0),

8 >=0 0 0 0 2 12 0 —u —w7,

9*>=(0 A2 —x 0 0 0 0 0 0) (45)

be eigenvectors of matrix H for corresponding eigenvalues

Ki=0, K =K, =—u, Ks=K; =—-(1+2u), K5 =—-2p,

Ke = Kg = —(A+3w), Ko =2(1+ p), (46)
respectively. Ket vectors |1 >, |2 >,|3 >, |4 >,|5>,]6 >,|7 >,|8 > and |9 > are calculated

in the new coordinates as follows
1>=|1">, 2>=212>+313* >, 3>=2|12">-L|3" >,
A A A A
4>=L14 >+ 277> 7>=214 > -7 >
A A A A
12 e By s B o 1 g+
|5 >=A_2|5 >+A_2|6 >+A_z|8 >+A_2|9 >,

An * u * A * 1 *
|6>:A_2|5 >_A_2|6 >+A_2|8 >_A_2|9 >,

8>=25">+56"> -4 8" > -9 > |

9>=215 > 26" >~ 28" > +5]9" >. (47)
To change the coordinates of vectors, | take matrix X as previous. Now, the following can be
reached by applying the matrix to my ket vectors |1 >, |2 >, |3 >, |4 >,|5 >,|6 >,|7 >,|8 >
and |9 >,

$1=1">, 52 =]2*>4AI3" >, 23 =[2"> —pu|3" >,

4= 4> +A3" >, 7 =|4">—u|7" >,

25 =|5* > +1|6* > +1|8* > +A%|9* > |

X6 = |5 > —u|6" > +1|8* > —Au|9* >

X8 = |5 > +A|6* > —u|8* > —Au|9* >

29 = |5* > —pu|6* > —u|8* > +u?|9* >. (48)
By applying eigenvectors to the matrix H, | get

H|1* >=0|1* >, H|2" >=pu|2* > ,H|3* >= —(A+ 2u)|3* >, H|4* >=ul4* > ,

H|5* >= —2u|5* >, H|6" >= —(A + 3w)|6* > ,H|7* >= —(A+2w)|7* > ,
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H|8* >= —(A1+3w)|8* > ,H|9* >= —2(A + 2w)|9* >.
The operator is now derived as

< xlexp(—CH)|x' >=< Zx|1* >, < 1*|x’ >, + exp(—{u) < Zx|2* >, < 2*|x' >, +
exp(—C(A + 2p)) < Ex|3* >, < 3*|x’ >+ exp(—{u) < Zx|4* >, < 4*|x' >, +
exp(—{(2n)) < Zx|5* >, < 5%|x' >, + exp(—{(A + 3u)) < Zx|6* >, < 6*|x' >, +

(49)

exp(—¢(A + 2u)) < Zx|7* >, < 7*|x’ >+ exp(—{(A + 3u)) < Xx|8* >, < 8*|x' >+

exp(—{(2A + 4p)) < Zx|9* >, < 9*|x' >,. (50)
Hence, the probabilities are calculated as follows:

P11(Z) =1, P12(€) =0, P13(() =0, P14(() =0, P15(() =0, P16({) =0,
P17(Z) =0, P18(€) =0, P19(() =0,

P21(€) =0, P24(§) =0, st(() =0, Pze(() =0, P27({) =0, st(() =0,
P29(€) =0,

P() = exp (—3qu) 5 +exp (-3¢ +2m)) %,

Pps(§) = exp (—3u) s —exp (-3¢ + 2w) 1

P3;1({) =0, P3({) =0, P35({) =0, P3({)=0, P3,({) =0, P35({) =0,
P34({) = 0,

P2 Q) = exp (—3¢u) s —exp (-3¢ +2m) %,

P33({) = exp (—%Zu)%+e><p (—§5(1+2u))§,

P41(€) =0, P42(f) =0, P43({) =0, P45(() =0, P46(O =0, P48(O =0,
Py (¢) =0,

Pu(@) = exp (=3 ¢u) s +exp (-3¢ +2m) 7

Py (§) = exp (=3 ¢u) 5 —exp (—3¢( +20) 5

P51(f) =0, Psz(() =0, Pss(() =0, P54({) =0, P57(C) =0,
Pes(0) = exp(—{(2u) & + exp (—2¢(A+30)) 2+ exp (— 202 +3) 2 +

exp (—20(22 +4) %

P56 (¢) = exp(— ((2,11))— —exp (——((A + 3,u)> + exp (——Z(A + 3;1))

exp (—3¢(21 + 4#))5
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Psa(§) = exp(~¢ (2 %% + exp (- 26+ 30 ) 25— exp (- 200+ 30 ) 24
exp (—2¢(22+ 4u))ﬁ

Pso(©) = exp(—¢ ) % — exp (— 2+ 3w ) S+ exp (- 202 + 300 2+

exp (—%c(zz + 4u))A—2

Pa@) =0, Pu(@) =0, Ps(@) =0, Peu(@) =0, Py =0,

Pos() = exp(—¢ (2 5 — exp (=20 + 30 ) 5+ exp (202 + 30 ) 24

exp (—30(20+ 4)) 75

Poo(§) = exp(—¢ (20 3% + exp (~ 20+ 30 ) 4o+ exp (~ 24+ 3 ) 3 +

exp (—5{(2/1 + 4u))A—’2‘

Pon(§) = exp(—¢ (2 2% — exp (- 201+ 30) ) 2 — exp (— 1A+ 30 ) 2 +
exp (—30(20+ 4u)) 25

Pso(0) = exp(—((Zu))i—z + exp (—é{(/l + 3;1))1—‘2‘ — exp (—%((/1 + 3;1)) 2—2 +

exp (—%Z(Z)l + 4/1))1—':
P71(Z)=0, P72(()=0, P73(5):0, P75(():0' P76({):0, P78(O=0,
P79(C)=0,

Pra(Q) =exp (—2qu) b —exp (- 2@+ 2m) %,

Py () =exp(—3qu)t+exp (-3¢ +2w)%,

Pg1({) =0, Pg(Q) =0, Pg3({) =0, Pge({) =0, Pg;({) =0,

Pgs(0) = exp(—Z(Zu))Z—j + exp (—i((z + 3;1))2—’; — exp (—%((,1 + 3#)) Z—j n
exp (—3¢(24 +4)) %

Pgs({) = exp(— Z(Zu))— — exp (——((/1 + 3;1))— — exp (——z(z + 3,1))

exp (—3¢(24 +4)) %

Pos(§) = exp(=3(2) 2+ exp (2001 + 30 ) o+ exp (— 20 +30) ) +

exp (—56(2/1 + 4,u))A—’2L
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Pgo($) = eXp(—Z(Zu))j—z — exp (—%((/1 + 3@)2—2 — exp (—%((/1 + 3;0) 1—” -

exp (—-5(2/1+4 ))Az,
P91(5)=01 P92(O=O, P93(()=0, P94(()=0, P97(()=0,

Pos(§) = exp(=4(210) 5 — exp (= 204+ 3 ) 25— exp (= 201+ 3 ) 25 +
exp (~3¢22 +4)

Pos(@) = exp(—¢ (2N 2 + exp (—20(+ 30 ) s — exp (— 201+ 30 ) 2 -
exp (~3¢22 +4)

Poo(@) = exp(—¢ (2N 2 — exp (— 20+ 300 ) 2+ exp (20 (A+ 3 ) 5 -
exp (— 2022+ 4m) %,

Pyo({) = exp(— Z(Zu)) "~ + exp (——c(A + 3u)) + exp (——{(,1 + 3#))

exp (—2¢(22+ 4/,1))5

4. CONCLUSIONS

In this study, | concentrate on Markovian structure and apply the discrete and continuous space
quantum mechanics formalism with the appropriately chosen Hamiltonians to compute finite
time non-ruin probability. Finally, several advanced examples are treated for chosen
Hamiltonians in discrete and continuous space using traditional bases, as well as eigenvalues
of Hermitian operators in two and three dimensions using the tensor product of operators and

standard Dirac matrix formalism with bra-ket notations.
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