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Abstract 

Mathematical modeling has been extended to simulate some physical systems to calculate some 

parameters that may need a sophisticated cost or may have some obstacles to be measured 

directly with an experimental method. In this study, the Modified Callaway Model has been 

used to calculate size dependence lattice thermal conductivity (LTC), and the influence of 

carrier concentration for bulk Si and its nanowires (NWs) with diameters of 22, 37, 56, and 115 

nm has been investigated. Calculations were performed from 3K to 1600K for all cases. The 

effects of carrier concentration on LTC has found to begin from (1016 cm-1) for the bulk state 

and that increased to (1024 cm-1) for the NW with a diameter of 22 nm. The temperature that the 

maximum effect of carrier concentration can occur, has found to be at (10 K) for the bulk, and 

that increased to (340 K) for the (22 nm) Si NW. 
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1.INTRODUCTION  

In the last two decades, investigations of nanoscale parameters have got good attention 

particularly the carrier concentration effects on lattice thermal conductivity (LTC). Since it is 

significantly important for most nano-engineered appliances [1], it has been interested by many 

researchers in both theoretical and experimental methods [2-6]. 
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It is well known that the scattering process is responsible for calculating LTC in solids, mainly 

phonon-phonon at high temperature, defects including electron-phonon scattering at the 

intermediate and at the lower temperature the boundary is controlling. However, the electron-

phonon scattering is the list been investigated [7-9]. Li et al. [10] and Hochbaum et al. [11] 

experimentally investigated LTC for Si NWs and found a reduction of its values for smaller 

size diameters. For small size diameters, similar results have also been reported for GaN and Si 

NWs by Mamand et al. [12] and Qader et al. [2]. On the other hand, Liao et al. [13] proved a 

significant effect of carrier concentration as the electron-phonon scattering process in LTC.  

In this work, we try to investigate the electron concentration-effect and electron-phonon 

scattering interaction at a low and intermediate temperature range of LTC in Si NWs. The 

modified mass density for a nanoscale is also used. The method of modified Callaway model 

calculations will be used for bulk Si and then applied to the nanosize wires as stated in the 

following method of calculations:  

2. Method of Calculations 

It is obviously known that in semiconductors acoustic phonons are responsible for transferring 

heat for temperature gradient between two points. This is due to the value of group velocity in 

semiconductors is bigger than the optical phonon velocity [14]. Callaway’s phenomenological 

theory, which is progressed under the Boltzmann transport equation, is used for LTC of a 

semiconductor as follows [15-17]: 

𝜅 = 𝐴𝑇3 ∫ 𝜏𝑐 𝐽(𝑥) 𝑑𝑥
𝜃𝐷/𝑇

0

 (1) 

where 𝐴 = (𝑘𝐵/ℏ)3(𝑘𝐵/(2𝜋2𝑣)), 𝐽(𝑥) = 𝑥4𝑒𝑥(𝑒𝑥 − 1)−2, 𝑥 = ℏ𝜔/𝑘𝐵𝑇; also, 𝑘𝐵 and ћ are 

the Boltzmann constant (1.38065 × 10−23 m2 ∙ kg ∙ s−2 ∙ K−1), and reduced Planck constant 

(1.05457 × 10−23J ∙ s), respectively; in addition, 𝜏𝑐, v , ω, 𝜃𝐷, and T, respectively are, the 

combined phonon relaxation time, phonon group velocity, phonon angular frequency, Debye 

temperature, and absolute temperature. 

Thermal conductivity for bulk can be anticipated by Eq. (1). Likewise, this equation can be 

used for calculating LTC, of thin films and NWs [18, 19]. Morelli et al. [20] and Asen-Palmer 

et al. [21] modified the Debye–Callaway model, by taking into account both transverse and 

longitudinal phonons explicitly and normal three phonon processes. The LTC has two terms 

𝜅 = 𝜅1 + 𝜅2, with (𝜅1) and (𝜅2) are given by the relation [21, 20]: 

𝜅 = 𝜅𝐿 + 2𝜅𝑇 (2) 
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𝜅𝐿 = 𝜅𝐿1
+ 𝜅𝐿2

 (3a) 

𝜅𝑇 = 𝜅𝑇1
+ 𝜅𝑇2

 (3b) 

In Eq.(3a) each 𝜅𝐿1
and 𝜅𝐿2

are the usual Debye-Callaway terms which are given by: 

𝜅𝐿1
=

1

3
𝐴𝐿𝑇3 ∫ 𝜏𝑐

𝐿(𝑥) 𝐽(𝑥)
𝜃𝐷

𝐿

0

𝑑𝑥 (4) 

𝜅𝐿2
=

1

3
𝐴𝐿𝑇3 [∫

𝜏𝑐
𝐿(𝑥)

𝜏𝑁
𝐿 (𝑥)

 𝐽(𝑥)
𝜃𝐷

𝐿

0

𝑑𝑥 ]

2

[∫
𝜏𝑐

𝐿(𝑥)

𝜏𝑁
𝐿 (𝑥) 𝜏𝑅

𝐿(𝑥)
 𝐽(𝑥)

𝜃𝐷
𝐿

0

𝑑𝑥]

−1

 (5) 

Similarly, in Eq.(3b) 𝜅𝑇1
and 𝜅𝑇2

 for the transverse phonons can be expressed as [22]: 

𝜅𝑇1
=

1

3
𝐴𝑇𝑇3 ∫ 𝜏𝑐

𝑇(𝑥) 𝐽(𝑥)
𝜃𝐷

𝑇

0
𝑑𝑥  (6) 

𝜅𝑇2
=

1

3
𝐴𝑇𝑇3 [∫

𝜏𝑐
𝑇(𝑥)

𝜏𝑁
𝑇 (𝑥)

 𝐽(𝑥)
𝜃𝐷

𝑇

0

𝑑𝑥 ]

2

[∫
𝜏𝑐

𝑇(𝑥)

𝜏𝑁
𝑇 (𝑥) 𝜏𝑅

𝑇(𝑥)
 𝐽(𝑥)

𝜃𝐷
𝑇

0

𝑑𝑥]

−1

 (7) 

where superscript and subscript, which denoted by T and L, are the transverse and longitudinal 

phonons, respectively; also 𝜃𝐷 is Debye temperature which is split to transverse and 

longitudinal value. The term of 𝐴𝑇(𝐿) is obtained by using the following relations [23]:  

𝐴𝑇(𝐿) = (
𝑘𝐵

ћ
)

3 𝑘𝐵

2𝜋2𝑣𝑇(𝐿)
 (8) 

where 𝑣𝑇(𝐿)is the transverse (longitudinal) acoustic phonon group velocity. 

The scattering process rates, which take into account in this study, are including, phonon–

phonon (normal) scattering, 𝜏𝑁
𝐿(𝑇)

 inharmonic interaction or three-photon Umklapp scattering, 

𝜏𝑈
𝐿(𝑇)

, phonon–impurity, 𝜏𝑀
𝐿(𝑇)

, phonon–electron, 𝜏𝑝ℎ−𝑒
𝐿(𝑇)

, phonon–boundary, 𝜏𝐵
𝐿(𝑇)

, and phonon–

dislocation 𝜏𝐷𝐶
𝐿(𝑇)

scattering. All phonon scattering processes are represented as follows [4]: 

(
1

𝜏𝐶
𝐿(𝑇)

) = (
1

𝜏𝑁
𝐿(𝑇)

) + (
1

𝜏𝑈
𝐿(𝑇)

) + (
1

𝜏𝑀
𝐿(𝑇)

) + (
1

𝜏𝐵
𝐿(𝑇)

) + (
1

𝜏𝑝ℎ−𝑒
𝐿(𝑇)

) + (
1

𝜏𝐷𝐶
𝐿(𝑇)

) (9) 

In Eq. (9), the umklapp scattering is divided into longitudinal and transverse modes as: 

[𝜏𝑈
𝐿(𝑇)

]
−𝟏

= 𝐵𝑈
𝐿(𝑇)

(
𝑘𝐵

ћ
)

2

𝑥2𝑇3𝑒−(𝜃𝐷
𝐿(𝑇)

/3𝑇)
 (10) 

where 𝐵𝑈
𝐿(𝑇)

 is the umklapp parameter strength for longitudinal (transverse) mode and 

expressed as: 
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𝐵𝑈
𝐿(𝑇)

=
ћ𝛾𝐿(𝑇)

2

𝑀 𝑣𝐿(𝑇)
2 𝜃𝐷

𝐿(𝑇)
 (11) 

where M is the average mass of an atom in the crystal, 𝛾𝐿(𝑇) is the Gruneisen parameter that is 

handled to fitting the theoretical LTC curve with corresponding experimental data and normal 

phonon scattering has a significant effect for determining the peak value of the LTC [9]. The 

following mathematical expression can be used for calculating transverse and longitudinal 

modes of Debye temperature of bulk semiconductor [20]: 

𝜃𝐷
𝐿(𝑇)

= (
𝜔𝐿(𝑇)𝜋2

𝑉
)

1/3
ћ 𝑣𝐿(𝑇)

𝑘𝐵
 (12) 

with 𝜔𝐿(𝑇)is longitudinal (transverse) zone-boundary phonon frequency. However, it is not a 

resistive process [22] and mathematically can be expressed as: 

[𝜏𝑁
𝐿(𝑇)

]
−1

= 𝐵𝑁
𝐿(𝑇)

𝜔2𝑇3 (13) 

where 𝐵𝑁
𝐿(𝑇)

 is the normal parameter strength for longitudinal and transverse mode, which is 

equal to: 

𝐵𝑁
𝐿 =

𝑘𝐵
3𝑣𝐿

2𝑉

𝑀ћ3𝑣𝐿
5  𝑎𝑛𝑑  𝐵𝑁

𝑇 =
𝑘𝐵

4𝑣𝑇
2𝑉

𝑀ћ3𝑣𝑇
5 (14) 

The phonon–impurity scattering rate due to the present impurity or isotopes in the crystal 

structure, can be calculated as [9]:  

[𝜏𝑀
𝐿(𝑇)

]
−1

= (𝐼𝑖𝑠𝑜
𝐿(𝑇)

+ 𝐼𝑖𝑚𝑝
𝐿(𝑇)

)𝜔4 (15) 

where 𝐼𝑖𝑠𝑜
𝐿(𝑇)

 is the phonon scattering due to different isotopes and for each mode is given as: 

𝐼𝑖𝑠𝑜
𝐿(𝑇)

=
𝑉 Γ

4𝜋 𝑣𝐿(𝑇)
3    (16) 

likewise, 𝐼𝑖𝑚𝑝
𝐿(𝑇)

 is the phonon scattering distribution due to impurity, which is expressed as: 

𝐼𝑖𝑚𝑝
𝐿(𝑇)

=
3𝑉2 S2

𝜋 𝑣𝐿(𝑇)
3 𝑁𝑖𝑚𝑝 (17) 

here S is the scattering factor, which is equal to one [24], 𝑁𝑖𝑚𝑝 is the concentration of impurity, 

and Γ is strength of the mass-difference scattering and can be found by: 

Γ = ∑ 𝑐𝑖
𝑖

(
𝑚𝑖 − �̅�

�̅�
)

2

 (18) 
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where 𝑐𝑖 is the percentage of atomic natural abundance, 𝑚𝑖 is the atomic mass of the 𝑖𝑡ℎ isotope, 

�̅� is the average atomic mass, which is equal to �̅� = ∑ 𝑐𝑖𝑖 𝑚𝑖 and V is the lattice volume. 

The phonon–boundary scattering rate for bulk is assumed self-sufficient of each frequency and 

temperature and expressed as [𝜏𝑏
𝐿(𝑇)(𝐿)]

−1

= 𝑣𝐿(𝑇)/𝑑, where 𝑑 is the effective diameter of the 

specimen which is found to be 3mm from the LTC fitting at low temperature. In nanocrystals, 

𝜏𝑏
𝐿(𝑇)

 depends on the group velocity and the effective diameter of the sample, 𝐿𝑒𝑓𝑓. Also, it is 

independent of either temperature or frequency such that: 

[𝜏𝑏
𝐿(𝑇)(𝐿)]

−1

=
𝑣𝐿(𝑇)

𝐿𝑒𝑓𝑓
= 𝑣𝐿(𝑇) (

1

𝐿𝑐
+

1

𝐿
) (19) 

where L is the length of the sample. For absolute temperature smaller than Debye temperature 

the value of 𝐿𝑒𝑓𝑓 approaches to cross-sectional dimensions, which is known as Casimir length 

(𝐿𝑐). Furthermore, phonons scattered from grain or surface boundary of the sample, whereby, 

the relaxation rate for longitudinal (transverse) mode is given by [22]:  

[𝜏𝑏
𝐿(𝑇)(𝐿, 𝜀)]

−1

= 𝑣𝐿(𝑇) (
1

𝐿𝑐

(1 − 𝜀)

(1 + 𝜀)
+

1

𝐿
) (20) 

The value of 1/𝐿𝑒𝑓𝑓 is the specularity parameter, which depends on the frequency of phonon 

and the rate of surface roughness (ε). Moreover, ε has the value from the range (0 1), with 

the maximum value (1) represents phonon completely specular reflection and minimum 

value (0) shows the phonon is completely diffuse from the surface. 

A non-linear phonon scattering is necessary for phonon-dislocation interaction. Crystal 

including dislocation (linear defect) undergoes another phonon scattering process which is 

divided into short and long-range scattering. The short-range is similar to three-phonon 

Umklapp scattering, that phonons scatter on the center of the dislocation lines, as well as the 

long-range is scattering of phonon due to elastic strain field of dislocation lines [14]: 

[𝜏𝐷𝐶
𝐿(𝑇)

(𝑥)]
−1

= 𝜂 𝑁𝐷

𝑉𝑜
4/3

𝑣𝐿(𝑇)
2 (

𝑘𝐵𝑇

ћ
)

3

𝑥3 (21) 

where 𝜂 = 55 is a weight factor which illustrates the mutual tendency of dislocation lines and 

the direction of the temperature gradient, and its value was found from an integration formula 

[24]. Furthermore, ND is the density of the dislocation lines of all types that its value can be 

increased by increasing temperature and doped material in semiconductors. Electrons can 
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scatter phonons, so the rate of phonon-electron scattering for each longitudinal (transverse) 

mode is as follows [25]:  

[𝜏𝑝ℎ−𝑒
𝐿(𝑇)

(𝑥)]
−1

=
𝑛𝑒𝐸2𝑥

𝜌 𝑣𝐿(𝑇)
2  ћ

 √
𝜋𝑚∗𝑣𝐿(𝑇)

2

2𝑘𝐵𝑇
× 𝑒𝑥𝑝 (−

𝑚∗𝑣𝐿(𝑇)
2

2𝑘𝐵𝑇
∗) (22) 

here 𝑛𝑒 is electron concentration density, 𝐸 is deformation potential and 𝜌 is the mass density. 

In this work, the modified mass density for a nanoscale is used, which is not constant as in the 

bulk material. Therefore, nanosize dependent mass density is calculated from the following 

relation [26, 27]: 

𝜌(𝑟) =
𝜌(∞) 𝑉(∞)

𝑉(𝑟)
 (23) 

where 𝜌(∞) is the bulk mass density and 𝜌(𝑟) its nanosize dependence. The sound group 

velocity 𝑣(𝑟) is a nanoscale size-dependent parameter. It can be calculated as a function of 

nanowires diameter from the nanosize dependent of Debye temperature 𝜃(𝑟), according to the 

following [28, 29]:  

𝑣(𝑟)

𝑣(∞)
=  

𝜃𝐷(𝑟)

𝜃𝐷(∞)
 (24) 

Hence, r denoted by the nanowire radius, 𝑣(∞) and 𝜃𝐷(∞) are bulk state group velocity and 

the Debye temperature. 𝜃𝐷(𝑟) can be calculated from the nanosize dependence of the melting 

temperature 𝑇𝑚(𝑟) as in the following relation: 

(
𝜃𝐷(𝑟)

𝜃𝐷(∞)
)

2

=
𝑇𝑚(𝑟)

𝑇𝑚(∞)
 (25) 

where 𝑇𝑚(∞) is the bulk melting temperature and the 𝑇𝑚(𝑟) can be calculated depending on 

the 𝑇𝑚(∞) and the lattice volume nanosize dependence 𝑉(𝑟) as [30, 31]: 

𝑇𝑚(𝑟)

𝑇𝑚(∞)
= (

𝑉(𝑟)

𝑉(∞)
)

2/3

exp [−
2(𝑆𝑚(∞) − 𝑅)

3𝑅 (
𝑟
𝑟𝑐

− 1)
] (26) 

where 𝑆𝑚(∞) is the melting entropy, 𝑅 is gas constant, 𝑟𝑐, it is a critical radius in which the 

materials melt at (0 K) and is equal to 3h, where h is the 1st surface layer high and is equal to 

(3.36 Å) for Si. 𝑉(∞) is the lattice volume for the bulk state of Si structure and is equal to 

(19.981 Å3) while 𝑉(𝑟) is the nanosize dependent lattice volume and can be calculated from 

the relation (𝑎3(𝑟)/8), since, the unit cell structure with a nanosize lattice parameters 𝑎(𝑟) 

contains 8 lattices, 𝑎(𝑟) is calculated from [30]: 
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𝑎(𝑟) =
4

√3
 𝑑𝑚𝑒𝑎𝑛(𝑟)  (27) 

where 𝑑𝑚𝑒𝑎𝑛(𝑟) is the lattice mean bond length in Si NWs and can be calculated from the 

following relation [26]:  

𝑑𝑚𝑒𝑎𝑛(𝑟) = ℎ − ∆𝑑𝑚𝑒𝑎𝑛(𝑟𝑐) (28) 

where ∆𝑑𝑚𝑒𝑎𝑛(𝑟𝑐) is the increase in mean bond length as a function of (𝑟) and calculated by 

the following relation [26]: 

𝑑𝑚𝑒𝑎𝑛(𝑟) = ∆𝑑𝑚𝑒𝑎𝑛(𝑟𝑐) exp [
−2𝑆𝑚(∞) − 𝑅

3𝑅 (
𝑟
𝑟𝑐

− 1)
]

1/2

  (29) 

Hence ∆𝑑𝑚𝑒𝑎𝑛(𝑟𝑐) is the maximum increase in the mean bond length and for Si is equal to (nm) 

calculation for (𝑟), 𝑎(𝑟), and 𝜃(𝑟) used in the calculation for LTC in this work. 
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Figure 1. Diameter dependent parameters for all Si NWs. (a) mean bond length, (b) lattice constant, (c) lattice 

volume, (d) melting temperature, Debye temperature for (e) longitudinal, and (f) transverse, group 

velocity for (g) longitudinal, and (h) transverse mode.  
 

3. Analysis of results 

The parameters that obtained for fitting the calculated LTC curves to that of the experimental 

data by process of trial and error are listed in Table 1. These parameters are increases with the 

decrease of nanowires diameter, including impurities (Nimp), dislocation (ND), carrier 

concentration (ne), surface roughness (ε), longitudinal and transverse Grüneisen parameter (γL 

and γT), are affected by the decrease of NWs diameters but in nanosize systematic. 
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Table 1. Size dependence fitting parameters for bulk and nanowires of Si. 

r 

(nm) 

Nimp 

(m-3) 

ND 

(m-2) 

ne 

(m-3) ε γL γT 

22 8.0×1025 7×1015 1.9×1025 0.850 0.933 0.933 

37 5.6×1025 4×1016 5×1023 0.840 0.914 0.914 

56 3.3×1025 3.3×1016 1.7×1023 0.830 0.905 0.905 

115 1.1×1025 1.1×1014 5×1021 0.475 0.896 0.896 

Bulk 1.0×1022 1×1012 1×1016  4.0 0.385 

 

Table 2. Calculated size-dependent parameters for bulk and nanowires of Si. 

r 

(nm) 

dmean 

(Å) 

α 

(Å) 

V 

(Å𝟑) 

ρ 

(kg.m-3) 

Tm 

(K) 
𝜽𝑫

𝑳  

(K) 

𝜽𝑫
𝑻  

(K) 

vL 

(m.s-1) 

vT 

(m.s-1) 

22 2.390 5.5200 21.025 2236 1612 558.82 228.87 8084.71 5578.62 

37 2.374 5.4817 20.591 2283 1644 570.12 233.50 8248.31 5691.51 

56 2.366 5.4630 20.380 2306 1660 575.60 235.74 8327.59 5746.21 

115 2.358 5.4445 20.174 2330 1676 580.98 237.95 8405.41 5799.91 

Bulk 2.350 c 5.4271 19.981 2352 1685b 586.00a 240.00c 8478.00a 5850.00a 

aRef. [32], bRef. [22], cRef. [33] 

 

Table 3. Constant parameters used in this work. 

Parameters Symbols Values Ref. 

Weight factor η 0.55 [9] 

Average atomic mass  28·0855 (amu) [22] 

Mass per atom M 4.7×10-26 (kg) [22] 

Strength of the mass-

difference scattering 
Γ 2.014 ×10-4 [22] 

Silicon isotopes  92.2%   28Si 

4.7  %   29Si    

3.1  %   30Si 

[22] 

Ideal gas constant R 8.314 (𝐽. 𝐾−1. 𝑚𝑜𝑙−1) [32] 

First surface layer height h 0.3368 (nm) [32] 

Enthalpy of fusion Hm 49.819 (J.mol-1)  

Bulk overall melting entropy Sm(∞) 29.47×10−3 

(J 𝐾−1𝑚𝑜𝑙−1)  

[2] 

Deformation potential En 9.5 (eV) [25] 

Effective mass m* 0.26 me [34] 

 

The obtained results including 𝑑𝑚𝑒𝑎𝑛(𝑟), 𝑎(𝑟), 𝑉(𝑟) increases with the decrease of nano-wire 

diameter while other parameters such as 𝜌(𝑟), 𝑇𝑚(𝑟), longitudinal and transverse Debye 
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temperature 𝜃𝐷
𝐿 (𝑟) and 𝜃𝐷

𝑇(𝑟) , as well as both longitudinal and transverse group velocity 𝑣𝐷
𝐿 (𝑟) 

and 𝑣𝐷
𝑇(𝑟) are decreases with the reduction of size (Table 2). Fig. 1 shows the size-dependent 

values for all calculated parameters and LTC values as they obtained by using the data listed in 

Table 1 and Table 2 for Bulk Si and its NWs of diameters 22 nm, 37 nm, 56 nm, and 115 nm.  
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Figure 2. Diameter dependent parameters for all Si NWs. (a) mean bond length, (b) lattice constant, (c) lattice 

volume, (d) melting temperature, Debye temperature for (e) longitudinal and (f) transverse, group velocity 

for (g) longitudinal and (h) transverse mode.  
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Figure 3. The change in LTC (∆𝜅) vs. temperature for (a) bulk Si and NWs with diameters of (b) 115nm, (c) 

56nm, (d) 37nm, and (e) 22nm. ∆κ is obtained by subtracting fitted LTC with its obtained values when 

carrier concentration changed in the step of 102. 

 

For the bulk Si, Eqs. (1) to (22) were used with the bulk parameters that are tabulated in Table 

3. For nanowires, the nanosize dependence of mass density, group velocity, Debye temperature, 

melting point, and mean bond length values were calculated through Eqs. (23) to (27). The 
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recalculations temperature dependence of LTC with different electron concentration 𝑛𝑒 is 

shown in Fig. 2. In general and as expected, the increase of 𝑛𝑒 will decrease LTC, that’s since 

an electron-phonon scattering, which shows the decrease of LTC as a function of temperature, 

it looks the maximum effects have occurred at temperature 10 K in bulk Si and 91, 86, 107 and 

333 K in Si nanowires with diameters of 55, 37, and 22 nm, respectively. According to the 

results, the effects of carrier concentration decreased by decreasing the diameter of Si nanowire. 

The temperature where 𝑛𝑒shows its maximum effect were also investigated. The results are 

shown in Fig. 3. This temperature strongly depends on the type of material and the diameter of 

the nanowire. 

4.Conclusions 

Modified Callaway Model was used to fit theoretical LTC with experimental data for Si bulk 

and NWs in the range of 3K to 1600K. For calculating LTC some size-dependent parameters 

were obtained, including mean bond length, the lattice constant, lattice volume, melting 

temperature, Debye temperature, and group velocity for each longitudinal and transverse mode. 

The effect of carrier concentration on LTC starts from 1016 for the bulk Si, these values increase 

dramatically to about 1022 for a nanowire solid. By increasing carrier concentration, LTC curves 

shifted to the higher temperature, whereas there is no any change determined in the intermediate 

temperature (LTC peak) and high-temperature region  
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